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Abstract

The development of integrated water resources management (IWRM) in the context
of climate change and variability has created the need for an extension of mathematical
analyses of hydrological system dynamics. The stationarity assumption of hydrological
time series, which has been widely used in the past, cannot be further advocated. The
classical uncertainty modelling techniques based on probability theory cannot capture
the multiple facets of present hydrological uncertainties. The objective of this study
is to better capture the dynamics of the rainfall - runoff process. To this end, this
research develops a rainfall runoff modelling approach that aims to capture the multiple
sources and types of uncertainty in a single framework. The main assumption is that
hydrological systems are non - linear dynamical systems which can be described by
stochastic differential equations (SDE). The dynamics of the system is based on the
Least Action Principle (LAP) as derived from Noether’s theorem. The inflow process
is considered as a sum of deterministic and random components. The deterministic
modelling of the river discharge in the Ouémé river basin (Benin, West Africa), using the
hydrological model based on the least action principle (HyMoLAP), revealed that this
model is suitable to simulate the daily dynamics of the river discharge. The stochastic
formulation of HyMoLAP in terms of SDE allowed to better take into account the
dynamics of the process and to explicitly show the proportion of the total variance
of the discharge that is attributable to each source of uncertainties in the rainfall runoff modelling. Then, the basic properties for the random component of rainfall are
considered and the triple relationship between the structure of the inflowing rainfall, the
corresponding SDE which describes the river basin and the associated Fokker - Planck
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equations (FPE) is analysed. The time - dependent probability distribution for the
resulting discharge is obtained in the form of fundamental and approximate solutions of
the FPE. A comparison is made between the time - dependent probability distributions
and the empirical distribution of the outflow. The generalized FPE associated with the
Langevin SDE describing the river basin is derived in terms of the transition probability
distribution and characteristic function of the noise generating process. This equation
provides a useful tool for studying the impact of various specific types of noises on the
rainfall - runoff process.
Keywords: Fokker - Planck equation (FPE), least action principle (LAP),
probability distribution, river basin, stochastic differential equation (SDE), system
dynamics, uncertainty.

Résumé

Le développement de la gestion intégrée des ressources en eau (GIRE) dans le
contexte de la variabilité et des changements climatiques a suscité une extension de
l’analyse mathématique de la dynamique des systèmes hydrologiques. L’hypothèse
de stationnarité des séries hydrologiques, largement utilisée dans le passé, n’est plus
valable. Les techniques classiques de modélisation des incertitudes qui sont basées sur
la théorie des probabilités ne peuvent plus prendre en compte tous les aspects des
incertitudes hydrologiques actuelles. L’ objectif de cette étude est de mieux comprendre
la dynamique du processus pluie - débit. A cet effet, il a été développé dans cette étude
une approche de modélisation pluie - débit qui vise à prendre en compte, dans un
cadre unique, les multiples sources et types d’incertitudes. La principale hypothèse est
que les systèmes hydrologiques sont considérés comme des systèmes dynamiques non linéaires, qui peuvent être décrits par des équations différentielles stochastiques (EDS).
Dans cette étude, la dynamique du système est basée sur le Principe de Moindre Action
(PMA) tel qu’il a été énoncé dans le théorème de Noether. Le processus d’entrée des
systèmes hydrologiques (la pluie nette) est considéré comme étant la somme d’une
composante déterministe et d’une composante aléatoire. Les résultats de la modélisation
déterministe du débit sur le bassin du fleuve Ouémé (Bénin, Afrique de l’Ouest), en
utilisant le Modèle Hydrologique basé sur le Principe de Moindre Action (ModHyPMA),
ont permis de conclure que ce modèle est approprié pour simuler les débits sur ce
bassin. La formulation stochastique de ModHyPMA par des méthodes basées sur l’
utilisation des EDS ont permis de prendre en compte la dynamique du processus et de
montrer de manière explicite le niveau de variance attribuable à chacune des sources
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d’incertitudes dans la modélisation pluie débit. Les propriétés de base de la composante
aléatoire des précipitations ont été ensuite considérées. Aussi, la triple relation entre
la structure des précipitations, l’équation différentielle stochastique décrivant le bassin
du fleuve et l’équation de Fokker Planck associée est analysée. La distribution de
probabilité des débits en fonction du temps, est obtenue sous la forme de solutions
fondamentale et approchée de l’équation de Fokker Planck. Une comparaison est faite
entre la distribution de probabilité des débits en fonction du temps et leur distribution
empirique. L’équation de Fokker Planck généralisée est déduite en fonction de la
distribution de probabilité de transition et de la fonction caractéristique du processus
générateur de bruit. Cette équation a permis d’étudier l’impact de différents types de
bruits sur le processus pluie - débit.
Mots clés: Bassin de fleuve, distribution de probabilité, incertitude, équation de
Fokker - Planck, équation différentielle stochastique (EDS), principe de moindre action
(PMA), systèmes dynamiques.
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Chapter 1

Introduction and Objectives of the
study

1.1

Background

of

the

study

and

Problem

statement
The last decades have witnessed an increasing concern among the international
scientific community about climate change and its impacts on hydrological cycle (van
Dam, 1999). Today, evidence has been gained that the planet is warming up, largely
as a result of human generated greenhouse gazes (IPCC, 2014a, b; Kundzewicz et
al., 2014). Therefore, managing water resources is more challenging than ever, largely
due to the risks associated with the multiple types of uncertainty (i.e. aleatory and
epistemic) (Khatri, 2013).
Since the seventies Sub - Saharan Africa and in particular West Africa is facing
water related uncertainties posed by global change pressure. A shortage in rainfall
ranging from 20% to 30% was observed throughout the region, which led to a decrease in
river flows ranging from 40 to 60% (Afouda et al., 2007) and an increasing vulnerability
to natural disasters. All sectors depending on water availability (such as agriculture,
water supply, hydro - electricity, etc. . . . ) are now highly vulnerable to effects of climate
change. Nowadays, floods and flash floods occur more frequently with greater and
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greater intensity and have become one of the most devastating natural hazards in West
African countries. In 2009 severe flooding were observed in Burkina - Faso and Mali;
in 2010 flood disaster affected more than 680,000 people and caused the death of 46
people in Benin (World Bank, 2011). In 2012, “Killer floods” inducing more than 50
fatalities each occurred in Niger and Nigeria (Kundzewicz et al., 2014).
To efficiently adapt to these extreme events and climate change in general, it is
important to consider preventive actions. Flood prevention and, more generally, water
resource management planning rely on an understanding of the water cycle in West
Africa. For the purpose of planning, one usually assumes that hydrological processes
in a particular river basin could be described by probability distributions that were
not changing over time (Strupczewski and Mitosek, 1995). However, the more extreme
events happen due to climate change and to unpredictable human activities, the less
historical characteristics of these processes can be assumed essentially constant over
time. Thus, extrapolation using historical data is no longer valid for these events which
increase uncertainties about the future. The key question that arises is how best to
include these non - stationarity considerations in water planning and management
(Hänggi and Ljung, 1995; Alamou, 2011).
Strupczewski and Mitosek (1995) proposed to improve the existing statistical
procedures based on probability distribution by allowing its parameters to vary in time.
They concluded however that in the non - stationary case, this approach increases the
error of the quantile estimation and that this error increases with extrapolation time
length. Recently, Khatri (2013) focussed on how to capture and articulate uncertainties
by understanding the types and sources of uncertainties. He recognized also that
greater research is required on how to minimize these uncertainties by improving their
predictions. He also noted that selection of particular probability distribution functions
(PDF) can be achieved by using best fit and statistical analysis. He concluded that
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research on selection of a shape of the membership function is still in an early stage and
that future research is needed to select the best shape to represent the particular type
of information.
A promising approach is to take advantage of the optimality principle embodied
in the least action principle (LAP), as explained by Noether’ s theorem, to minimize
uncertainties in modelling hydrological systems and from deficiency in our knowledge.
This thesis develops a rainfall - runoff modelling approach that aims to capture
the multiple sources and types of uncertainties in a single framework. The main
assumption is that hydrological systems are non - linear dynamical systems which
can be described by stochastic differential equations (SDE). Such equations arise
when the elements which give rise to the representations of continuous deterministic
dynamical system as ordinary differential equations (ODE) are considered subject to
environmental fluctuations or noise. The theory is well developed and has found wide
applications in most branches of sciences, including hydrology and water resources
engineering (Afouda, 1985; Mtundu and Koch, 1987; Konecny and Nachtnebel, 1995;
Hänggi and Ljung, 1995 and Alamou, 2011). The new idea in this thesis is that the
dynamics of the system and the associated ODE are derived from the least action
principle (LAP) designed to minimize uncertainties related to hydraulic transformation
process and scaling law (physical models). The inflow process representing all irregular
variations of hydrometeorological processes is considered as a sum of deterministic and
random components which embraces data uncertainties (e.g. measurement) and sample
uncertainties (e.g. number of data). Hence the deterministic hydrological model based
on the least action principle (HyMoLAP) is improved with a stochastic input.
The main advantage of SDE is that it provides a physically transparent and
mathematically tractable description of the stochastic dynamics of a temporally varying
catchment and can significantly improve the estimation of uncertainties. As noted by
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Koutsoyiannis (2013), changes in hydrological systems occur on all time scales, from
minute to geological, but our limited senses and life span as well as the short time
window of instrumental observations restricts our perception to the most apparent
daily to yearly variations. However, we shall herein restrict our view to those short term
noises superimposed on the daily cycle, having in mind that the processes associated
with hydrological systems are usually more complex. The driving process of a SDE
plays a key role in the dynamics and future evolution of that SDE. Our approach will be
especially effective if the noise that describes the random component of rainfall can be
represented as the time derivative (in the sense of generalized function) of a stationary
process with independent increments on non - overlapping intervals. In that case, the
solution of SDE is a Markov process whose properties are well known (Denisov et al.,
2009; Alamou, 2011).
This thesis is in line with the expectations of WASCAL project (West African Science
Service Center on Climate Change and Adapted Land Use) which started since October
2012. Indeed, WASCAL is a large - scale research - focused program designed to help
tackle the challenge of climate change and thereby enhance the resilience of human
and environmental systems to climate change and increased variability. It does so by
strengthening the research infrastructure and capacity in West Africa related to climate
change and by pooling the expertise of ten West African countries and Germany. This
research develops a rainfall - runoff modelling approach that aims to capture the multiple
sources and types of uncertainty in a single framework. It is well known that river
discharge is a useful index of water resources availability both in time and space in the
context of climate change and variability. Given humankind’s dependence on water, it
has been identified as one of the key resources for reaching the Millennium Development
Goals (UNDP, 2003). Unfortunately, because of limited water availability, these goals
can only be achieved by improving the management of water resources. Therefore,
improving rainfall - runoff modelling through uncertainties’ control under increasing

Objectives of the thesis

5

climate variability in Ouémé catchment, would greatly contribute to these goals.

1.2

Objectives of the thesis

The overall objective of the study is to better capture the dynamics of the
rainfall - runoff process in Ouémé catchment by improving rainfall - runoff modelling
through uncertainties’ control under increasing climate variability. It is also expected
to understand how the natural dynamics of a time varying catchment transforms the
random component of rainfall and how this transformation influences the output. In
this study, various research questions arising from the problems stated above have been
explored such as:
1 - What are the stochastic properties of the random component of rainfall over the
Ouémé river basin ?
2 - How can one capture the multiple facets of present hydrological uncertainties in
rainfall - runoff process ?
To properly answer these questions, one should:
1 - use the stochastic formulation of HyMoLAP in terms of SDE to account for the
dynamics of the rainfall - runoff process;
2 - use data from Ouémé river basin to investigate the properties of the random
component of rainfall;
3 - derive the triple relationship between the structure of the inflowing rainfall, the
corresponding SDE which describes the river basin and the associated Fokker Planck equation (FPE);
4 - derive the time - dependent probability distributions of the discharge in the form
of fundamental and approximate solutions of the FPE;
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5 - derive the generalized FPE associated with the SDE which describes the river basin
and study the distinctive effects of different noises on the rainfall - runoff process.

1.3

Structure of the thesis
In order to achieve the above objectives, this thesis is organized into 8 chapters

(including the current) as follows:
Chapter 2 presents an extensive literature review on rainfall - runoff modelling. It
also discusses the classification and sources of uncertainty, as well as the commonly
used uncertainty representation.
Chapter 3 provides a detailed description of the study area through the location and
physical characteristics. It also introduces the meteorological and hydrological stations,
as well as the precipitation, potential evapotranspiration and discharge data used in
this research.
Chapter 4 describes the modelling approach such as the theoretical basis of the
hydrological model based on the least action principle (HyMoLAP). At last, this chapter
is completed by the model calibration procedure and the method used for sensitivity
analysis.
Chapter 5 deals with the modelling of discharge dynamics by HyMoLAP. It combines
a two step modelling approach: a deterministic modelling of the system dynamics by
HyMoLAP and the stochastic formulation of HyMoLAP in terms of SDE. The results
of model calibration, model validation and sensitivity analysis are presented. Then, the
transformation of stochastic processes with HyMoLAP is analysed.
Chapter 6 aims to discuss the tracking of uncertainties. First, it assesses the
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stochastic properties of the random component of rainfall. Then, the triple relationship
between the structure of the inflowing rainfall, the corresponding SDE which describes
the river basin and the associated FPE is analysed. The time dependent probability
distributions for the discharge is derived in the form of fundamental and approximate
solutions of the FPE. At last, a comparison is made between the derived time dependent probability distributions and the empirical distribution of the discharge.
Chapter 7 introduces the generalization of the triple relationship between the driving
process, corresponding SDE and associated FPE to successfully manage uncertainty
in rainfall - runoff process. It derives the generalized FPE associated with the SDE
which describes the river basin in terms of the transition probability distribution and
characteristic function of the noise generating process. On this basis, it studies the
impact of the uncertainties related to the random component of rainfall inflow on the
dynamics of the river discharge by using various specific types of noises.
Chapter 8 presents general discussion, conclusions and perspectives for future
research areas.

Chapter 2

Literature review on rainfall - runoff
modelling and uncertainty analysis

Achieving better discharge simulations is an objective common to most hydrologists
involved in rainfall - runoff modelling. Indeed, rainfall - runoff modelling is used as
a management tool, for example, in the management of storm water runoff for water
quality and urban development. In recent years, new demands have been placed on
rainfall - runoff models that require more physically based or complex methods. Although
there is a plethora of rainfall - runoff models ranging from very simple black box schemes
to complex, differential, distributed models, they differ little in their ability to simulate
daily discharge. This chapter provides an extensive literature review on rainfall - runoff
modelling. It also discusses the classification and sources of uncertainty, as well as the
commonly used uncertainty representation. Fundamentals of the theory of SDE which
are finding increasing application in water resources engineering are also reviewed.

2.1

Classification of hydrological models

Generally, models are classified based on different criteria including spatial resolution,
modelling process and the model structure. In this thesis, we follow the classification
system outlined in Wheater et al., (1993); hence, models are classified based on their
model structure, spatial distribution, stochasticity, and spatial - temporal application.
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Model structure based classification

Metric models
The essential characteristic of metric models is that they are primarily based on
observations and seek to characterize the system response from the available data
(Wheater et al., 1993). Metric approaches are thus essentially empirical; an early
example is unit hydrograph (UH) theory for event - based catchment - scale simulation.
The simplicity of such models has allowed them to be applied relatively easily to
ungauged catchments by regional analysis, relating (parsimonious) model properties
(i.e. unit hydrograph time to peak, percentage runoff etc.) to physical and climatic
descriptors of the catchment. This type of regional analysis was developed for national
application in the UK Flood Studies Report (NERC, 1975) and Flood Estimation
Handbook (NERC, 1999), for example. However, it should be noted that metric models
depend on the range of available data and although they have been used to extrapolate
to extreme events or ungauged catchments, results are usually lacking in formal
specification of confidence limits (Wheater, 2002).
Among the most interesting recent approaches in metric modelling are Data Based
Mechanistic (DBM) modelling (Ratto et al., 2007) and Artificial Neural Networks (ANN)
(Dawson et al., 2006). ANN use available rainfall and runoff data to learn about the
behaviour of rainfall - runoff processes. ANN generally have three layers: the first layer
is the layer of input (i.e. rainfall), the second layer is the hidden layer of neurons, and
the third layer is the layer of output (i.e. streamflow). This type of model learns the
relationship (a process usually called “training”) between input and output by adjusting
the connection weights in the network so that the network response closely matches
the runoff response (Lekkas, 2008). DBM modelling draws on a powerful family of
methods for time - series analysis and simulation. It is an empirical approach whereby
the model structure is developed as an empirical transfer function model based on the
available input - output data (Young, 2005); hence parameters can be estimated from
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input - output data only. The model is further evaluated and interpreted in a physically
meaningful, mechanistic manner, which differs from a purely empirical approach (Lees,
2000). Generally, the identified transfer function model is defined as a combination of
a non - linear filter (to generate effective rainfall) followed by linear stores to represent
the hydrological responses, such as “quick” and “slow” flow processes (Lekkas and Onof,
2006).
Conceptual models
According to Wheater et al., (1993), conceptual models are based on two criteria:
firstly, the structure of the model is specified prior to any modelling being undertaken,
and secondly not all of the model parameters have a direct physical interpretation (i.e.
they are not independently measurable). Therefore at least some conceptual model
parameters have to be estimated through calibration against observed data. Conceptual
models generally represent all of the component hydrological processes perceived to
be of importance in catchment scale input - output relationships (Wheater, 2002).
This type of model varies considerably in complexity and the model structure tends
to be based on extensive use of schematic storages, which are combined to represent a
conceptual view of the important hydrological features.
Models can vary in complexity from two or three simple storages up to a highly
complex representation. Wheater (2002) noted that a simple model structure does not
reflect the complexity of the rainfall - runoff response and a complex model structure
is not always supported by the available data. A balance between the complexity of
the model and available information is crucial for successful model identification. Model
complexity can be reduced by an appropriate degree through identification statistics
(Dunn et al., 2008) or sensitivity analysis (Fenicia et al., 2008; van Werkhoven et al.,
2009), and by holding insensitive parameters constant or formally restructuring the
model (McIntyre and Al - Qurashi, 2009).
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Physics - based models
Physics - based models represent the component hydrological processes such as
evapotranspiration, infiltration, overflow, and saturated and unsaturated zone flow using
the governing equations of motion (usually formulated as non - linear partial differential
equations) based on continuum mechanics. Generally, the equations of motion of the
constituent processes are solved numerically using a finite difference or a finite element
spatial discretization; however, analytical solutions can exist (Wheater et al., 1993). In
theory, physics - based models are defined by wholly measurable parameters and can
provide continuous simulation of the runoff response without calibration (Beven, 2001).
Such models are a powerful compilation of the relevant idealized processes but raise
a number of important issues. The physics behind the model structure are generally
based on laboratory or small - scale in - situ field experiments, and hence are affected
by the nature of the experiments themselves. Extrapolation to larger (e.g. catchment)
scales often involves the assumption that the physical processes and properties are
independent of scale, raising uncertainty about their applicability (Beven, 2004).
To reduce computational burden and data requirements, simplified physics or
mechanics are sometimes used to represent the physics (e.g. simplified St. Venant
equations, the Green - Ampt equation), leading to deviation from the physical basis and
additional questionability. Catchments typically have a high level of spatial heterogeneity
which can be prohibitively expensive to observe or comprehensively represent in the
model. This is most obvious in the representation of subsurface processes because of
the difficulty of observation and the high degree of soil or aquifer heterogeneity which
often exists. In principle the parameters of physics - based models are measurable,
but in practice this cannot be achieved at the scale of modelling application, because
such measurements are essentially made at a point (Wheater, 2002). Therefore, these
models use averaged variables and parameters at grid or element scales which are greater
than the scale of variation of the processes. Even under a “full” physics representation,
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parameterization (including spatial variability of parameters) of material properties does
not represent catchment heterogeneity.
Hybrid models
Many models are labelled as one of the above types but in truth include elements
of two or more models. Hybrid metric - conceptual models have been developed to
combine the strengths of data - based and conceptual models. They commonly consist
of a simple conceptual loss function (i.e. soil moisture accounting module to produce
effective rainfall) and a simple routing component (i.e. a routing module to transfer the
effective rainfall to streamflow) (Wagener, 2007). These models offer scope for dealing
with problems associated with lack of parameter identifiability (e.g. the problem of
equifinality described by Beven, 2006) through reduction of the dimensionality of the
parameter space. Hybrid models take advantage of: 1) the unique parametrization of
metric models and their ability to efficiently characterize the observational data in
statistical terms, and 2) other prior knowledge to test hypotheses about the structure
of component hydrological stores. Many so - called physics - based models are in fact
hybrid physically based - conceptual models (Arnold et al., 1993). These aim to simplify
model structure by representing some of the mathematical - physics based processes in
a conceptual manner, particularly in cases where physical parameters are difficult to
measure. In principle this may lead to some improvement in parameter identifiability,
although such models often have very high dimensionality of the parameter space.
Models which are primarily conceptual can introduce physically - based components
in an attempt to reduce the calibration load (Ajami et al., 2004).

2.1.2

Other types of classification

Lumped and distributed models
Lumped models treat the catchment as a single unit, with state variables that
represent averages over the catchment area (Beven, 2001). In general a lumped model is
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expressed by differential or empirical algebraic equations, without taking into account
the spatial variability of processes, inputs, boundary conditions and system (catchment)
geometric characteristics (Singh, 1995). Distributed models make predictions that are
distributed in space, with state variables that represent local averages, by discretising the
catchment into a number of elements (or grid squares) and solving the equations for the
state variables associated with every element (Singh and Frevert, 2006). Distributed
models hence are capable to some extent of taking into account spatial variability
in processes, inputs, boundary conditions, and catchment characteristics. However, all
distributed models use average variables and parameters at element or grid scales, and
often parameters are averaged over many grid squares, mainly due to data availability
(Beven, 2001). Semi - distributed models have been suggested to combine the advantages
of both types of spatial representation. This type of model does not pretend to represent
a spatially continuous distribution of state variables; rather it discretizes the catchment
to a degree thought to be useful by the modeller using a set of lumped models. A semi distributed model can therefore represent the important features of catchment, while at
the same time requiring less data and lower computational costs than distributed models
(Orellana et al., 2008).
Deterministic and stochastic models
Models can be classified as deterministic when the results are uniquely determined
through known relationships between the states and data. Deterministic models produce
a single result from a simulation with a single set of input data and parameter values,
and a given input will always produce the same output, if the parameter values are kept
constant. Stochastic models use random variables to represent process uncertainty and
generate different results from one set of input data and parameter values when they run
under “externally seen” identical conditions (Beven, 2001). A particular set of inputs will
produce an output according to a statistical distribution. This allows some randomness
or uncertainty in the possible outcome due to uncertainty in input variables, boundary
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conditions or model parameters. Mixed deterministic - stochastic models can also be
created by introducing stochastic error models to the deterministic model. For example,
stochastic rainfall could be used as an input to a deterministic rainfall - runoff model
(Singh, 1995); or a deterministic model may be used to represent a stochastic system
using Monte Carlo simulation. Figure 2.1 shows the classification of the hydrological
models adopted from Chow et al., (1998).

Figure 2.1: Classification of hydrological models.

Time - scale based classification
Rainfall - runoff models can be classified as continuous simulation models or event
based models. Continuous simulation typically would take into account a time series of
rainfall, which may incorporate more than one storm event, while event - based models
take into account only one storm event. Singh (1995) explained that the time scale may
be defined by the time intervals used for input and internal computations, or by those
used for output and calibration of the model, and the choice is usually a function of
the model’s intended use. Thus, other sub - classifications of the continuous time based
models are distinguished such as sub - daily, daily, monthly, and yearly models.
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Space - scale based classification
According to Singh (1995), models may be classified into those of small catchments
(up to 100 km2 ), medium - size catchments (100 - 1000 km2 ), and large catchments
(greater than 1000 km2 ). However, this classification is arbitrary and not conceptual,
and more ideally the classification might be based on homogeneity, for example the scale
at which processes can reasonably be averaged, i.e. the hydrological response unit size
(Young et al., 2006; Wagener et al., 2007).

2.2

Rainfall - runoff modelling

A model, which consists of a set of linear and non - linear functions, is a simplified
representation of a real world system (Mirshahi, 2010). Rainfall - runoff models are used
in a variety of applications including extending the discharge time series in space and
time, evaluating management strategies and catchment response to climate or land use
variability, calculating the design flood and real - time flood forecasting (Wagener et al.,
2004).

2.2.1

Hydrological modelling

Hydrological modelling involves the application of mathematical expressions that
define quantitative relationships between inputs (e.g. flow - forming factors) and outputs
(e.g. flow characteristics). The scope of hydrological modelling and its applications
has broadened dramatically over the past decades. Hydrological modelling is related
to the spatial processes of the hydrologic cycle and is often used to estimate basin
water resources, as well as for impact assessment or more precisely water resources
management. Many hydrological models have been developed in the past and they are
used to determine the performance of watersheds under inevitable land use changes,
climate change, and increased climate variability. This is done in the form of sensitivity
analysis where baseline conditions of climate, land cover and discharge are established,
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and then used to compare the effect on discharge due to changes in precipitation,
temperature, land cover and other climate variables. These analyses provide information
on the direction and magnitude of discharge changes and insight into which variables are
most significant in predicting these changes. This would be very important for decision
makers who require such information to evaluate management alternatives or the effects
of different climate scenarios, as well as to support policies about water allocations
between various sectors such as agriculture, ecosystems, domestic and industry.

2.2.2

Stochastic versus deterministic models

Determinism in hydrology grew from the early 19th century under the auspice of
mathematicians and physicists and up until recently has dominated the hydrological
and hydraulic modelling world view. This view claims to be able to describe nature
exactly without uncertainty and this would seem to be desirable. Though desirable, it is
questionable whether this is realistic and whether uncertainty is essential in any model
of natural processes (Pappenberger and Beven, 2006). Though it may not be plausible
to model all inputs and outputs in a hydrological system exactly, it is important to
understand these inputs and outputs in order to form a perceptual model (McGlynn
et al., 2002). Once all of the inputs and outputs have been perceived, then the task
becomes realizing what to predict and what level of detail is necessary for a useful
prediction. One way to better understand the model input is to introduce stochastic
component of this input.
Indeed, there are two philosophies of modelling; firstly deterministic and secondly
stochastic or dynamic models. Stochastic approaches to problem solving incorporate
how much we know about that problem combined with how sure or unsure we are about
our knowledge (Klemes, 1978). This is captured in the following equation
q =x+e
where x is the deterministic component or overall trend and e is the random component
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or noise (Klemes, 1978). One part of the equation assumes that it is possible to determine
exactly what is happening in nature (x) and the other assumes that it is impossible to
know exactly what is happening in nature (e). As deduced from the above equation, a
purely deterministic model would only be achievable if e is zero and vis - versa for a
purely stochastic or random model. In the case of a stochastic model some knowledge
is needed of what is to be modelled. It is impossible to predict a purely random set of
events in a finite period of time. Hence, the two methodologies or even philosophies are
in essence mutually dependent and should be unified (Vogel, 1999). This implies that
a deterministic model is a limited version of a stochastic model. This makes sense in
an imperfect world where there will always be uncertainty, randomness and stochasticity.
One of the major arguments for adopting a stochastic philosophy is because too
much detail can lead to a large sum of errors and hence poor model performance
(Lawrence and Kottegoda, 1977). Moreover, over parametrization and uncertainty
are reasons for adopting a statistical approach rather than a deterministic approach
(Young, 2002). Indeed the phenomena of the nature are known to be at the same time
dynamics, random and no linear. For a long time, the random character of the rainy
phenomena has prevailed over the dynamics. Thus, the most widely used method for
studying the hydrologic phenomena is the statistical approaches. Indeed, the statistical
approach proposes to construct a mathematical model based on a certain number of
observations and hypothesis which has the ability to describe the best possible the
phenomenon of interest.
The study of appropriate models that can take into account the spatial - temporal
complexity of the resulting hydrological process leads to an extension of mathematical
analysis of hydrological system dynamics. In most of existing conceptual and empirical
rainfall - runoff models, the use of ad hoc parameters and the lack of appropriate field
data are the main causes of uncertainties in hydrological information (Afouda et al.,
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2005). However in practice, due to the complexity of physically based distributed models,
conceptual and empirical models generally are favoured. On the one hand, conceptual
models often are limited by the large number of parameters that are difficult to measure
and by their inability to take into account the random aspect of natural phenomena.
Stochastic models, on the other hand, only take into account the random aspect of
natural phenomena. Therefore, the two methodologies must be combined.

2.3

Uncertainty

analysis

in

rainfall

-

runoff

modelling
2.3.1

Notion of uncertainty

It is difficult to find in literature a precise and generally applicable definition of
the term uncertainty. It seems that there is no consensus within the profession about
the very term of uncertainty, which is conceived with differing degree of generality
(Kundzewicz, 1995). The meanings of the word uncertain as given by Webster’s (1998)
dictionary are the following: not surely or certainly known, questionable, not sure or
certain in knowledge, doubtful, not definite or determined, vague, liable to vary or
change, not steady or constant, varying. The noun “uncertainty” results from the above
concepts and can be summarized as the state of being uncertain.
Uncertainty can be defined with respect to certainty. For example, Zimmermann
(1997) defined certainty as: “certainty implies that a person has quantitatively
and qualitatively the appropriate information to describe, prescribe or predict
deterministically and numerically a system, its behaviour or other phenomena.”
Situations that are not described by the above definition shall be called uncertain. Similar
definition given by Gouldby and Samuels (2005): “a general concept that reflects our lack
of sureness about someone or something, ranging from just short of complete sureness to
an almost complete lack of conviction about an outcome”. In the context of the present
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research work, uncertainty is defined as a state that reflects our lack of sureness about the
predicted outcome of physical processes or system of interest and gives rise to a potential
difference between assessment of the outcome and its “true” value. Uncertainty resulting
from insufficient information may be reduced if more information is available.
The following sections attempt to describe uncertainty and distinguish sources and types
of uncertainty in general and in the context of rainfall - runoff modelling.

2.3.2

Classification of uncertainty

There were numerous attempts in the literature to classify and distinguish different
types of uncertainty. Yen and Ang (1971) classified uncertainties into two types: objective
uncertainties associated with any random process or deductible from statistical samples
and subjective uncertainties for which no quantitative factual information is available.
Burges and Lettenmaier (1975) categorized two types of uncertainties: type I error
results from the use of an inadequate model with correct parameter values, and type II
error assumes the use of a perfect model with parameter subject to uncertainty.
Klir and Folger (1988) classified uncertainty into two types: ambiguity and vagueness.
Ambiguity is the possibility of having multiple outcomes for processes or systems, and
vagueness is the non - crispness of belonging and non - belonging of elements to a set of
or a notion of interest. This classification is consistent with the classification given by
Ayyub and Chao (1998).
Kaufmann and Gupta (1991) classified uncertainty as random and fuzzy. Following
this, Davis and Blockey (1996) identified three distinct components of uncertainty:
fuzziness, incompleteness and randomness. In the context of modelling engineering
system, Van Gelder (2000) and Hall (2003) classified uncertainty into inherent
and epistemic. The inherent or aleatory uncertainty represents the randomness and
variability observed in nature (both in space and time), whereas epistemic or knowledge
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uncertainty refers to the state of knowledge of a physical system and our ability
to measure and model. Abebe (2004) classified uncertainty into structured and
unstructured based on the characteristics of the gap between the model and the physical
system as it is revealed in the form of errors. A comprehensive review of the classification
of uncertainty can be found in Hall (1999).

2.3.3

Sources of uncertainty in rainfall - runoff models

Estimating the total uncertainty inherent to a hydrological model involves the
identification and quantification of four sources: natural uncertainties, data uncertainties,
model parameter uncertainties, and model structure uncertainties. The quantification
of these uncertainties is important both for practical decision making and theoretical
modelling. Unfortunately this is neither a straightforward nor simple task. Kavetski
et al., (2002); Gupta et al., (2005); Beven (2006); Schaefli et al., (2007) and many
others state that, despite the considerable attention that has been given to uncertainty
estimation in the recent years, there has been no satisfactory approach to separate all
sources of error and to quantify the total uncertainty proposed to date.
Natural uncertainties
This describes the uncertainty arising from natural random effects which includes the
random temporal and spatial fluctuation that always affects the physical process of runoff
generation (Singh, 1997). The extent to which we can describe natural uncertainties
depends on the quality and the type of available data for describing the random effects
(Guo et al., 2004). For example, a dense rain gauge network or radar rainfall data, may
allow much of the spatial randomness of rainfall to be observed and explicitly represented
and can therefore reduce input uncertainty. However, Beven (2009) stated that with
hydrological systems it should not necessarily be expected that the consideration of
additional data will decrease the uncertainty in the predictions.
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Data uncertainties
The importance of uncertainty in the data (for instance, due to inadequate quality
control) may depend on whether the model parameters are determined from calibration
or from physical measurements and principles. For instance, Oudin et al., (2006)
showed that systematic errors and uncertainties in rainfall data were transferred to the
parameters of the model as bias in the parameters. However, the model performance
using erroneous data and biased parameters may not greatly differ from that using true
data and parameter values (Liu et al., 2009). The reason is that the calibration provides
an adjustment factor able to compensate for errors and bias.
Spatial and temporal variability of rainfall are basic reasons for uncertainty in
precipitation data (Pechlivanidis et al., 2008; Vrugt et al., 2008). Other model inputs
such as evapotranspiration and catchment morphology data also affect uncertainty in
model predictions (Götzinger and Bárdossy, 2008).
Model parameter uncertainties
The use of limited data and uncertain data in calibration will lead to uncertainty in
parameter estimates (McIntyre et al., 2002). For instance, Ratto et al., (2001) and Freer
et al., (2004), among others, showed that significant bias in observed data will inevitably
lead to biased parameter estimates. Furthermore, common practice is to encompass
the effective model structure uncertainty in parameter uncertainty (Ajami et al., 2007;
Pechlivanidis et al., 2010). However, there are many difficulties in obtaining unique
and “conceptually” realistic parameter values by model calibration as was discussed by
Sorooshian and Gupta (1995). Irrespective of data and model structure uncertainty, over
parameterized models will have fundamental parameter equifinality (Beven and Freer,
2001).
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Model structure uncertainties
In hydrological applications, consideration of hydrological processes and their
mathematical representations leads to the selection of a model structure. However,
this structure is controlled by our understanding of the hydrological system, which
is determined by the data availability. Hence, other unobserved processes are usually
ignored and introducing uncertainties to modelling results. In general, uncertainties
related to the model structure are identified through the model behaviour for runoff
properties such as peak discharge, time to peak, runoff volume (Butts et al., 2004) or
through time - series diagnostics (e.g. Wagener et al., 2003). The research community has
recently emphasized the need for explicit identification of model structure uncertainty
and diagnosis of differences in hydrological behaviour between model structures (Bai et
al., 2009). Recent methods have focused on estimating the uncertain model structure
via data assimilation frameworks (Liu and Gupta, 2007; Smith et al., 2008; Bulygina
and Gupta, 2009). For instance, Fenicia et al., (2008) proposed a methodology to
systematically update the model structure, progressively incorporating new hypotheses
of catchment behaviour.

2.3.4

Uncertainty analysis in rainfall - runoff modelling

As discussed previously, it should be recognized that a model is only an abstraction
of reality, which generally involves certain degrees of simplifications and idealizations.
Model complexity is measured by its number of parameters and requirements of input
data. As the model complexity increases, in principle, structure uncertainty decreases
due to detailed representation of the physical process. However, with the increasing
complexity of model, the number of the input and parameters also increases; and if such
complex models with many parameters and data inputs are not parameterized properly
or lack quality input data, there is a high probability that uncertainty associated with
input data or parameter estimation will increase. Due to the inherent trade - off between
model structure uncertainty and input - parameter uncertainty, for every model and
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the associated data set there exists the optimal level of model complexity where the
total uncertainty is minimum.
A key question that then arises is how to find the optimal level of model complexity;
nevertheless, several methods have been developed for this purpose (see, e.g., Schoups et
al., 2008). Once the existence of uncertainty in a rainfall - runoff model is acknowledged,
it should be managed by a proper uncertainty analysis process to reduce the impact of
uncertainty. There is a large number of uncertainty analysis methods published in the
academic literature and Pappenberger et al. (2006) provide a decision tree to find the
appropriate method for a given situation. The uncertainty analysis process in rainfall runoff models varies mainly in the following ways: (i) the type of rainfall - runoff models
used; (ii) the source of uncertainty to be treated; (iii) the representation of uncertainty;
(iv) the purpose of the uncertainty analysis; and (v) the availability of resources.
Uncertainty analysis is a well - accepted procedure and has comparatively long
history in physically based and conceptual modeling (Gupta et al., 2005). Regarding the
sources of uncertainty, Monte Carlo (MC) type methods are widely used for parameter
uncertainty, Bayesian methods and data assimilation can be used for input uncertainty
and Bayesian model averaging method is suitable for structure uncertainty. Uncertainty
analysis method also depends on whether the uncertainty is represented as randomness
or fuzziness. Similarly, uncertainty analysis methods for real time forecasting purpose
would be different than those used in design purpose (design discharge for structures
built in the rivers). In the former case the running time of the model is crucial and hence
computationally expensive; MC based methods are impractical. Availability of resources
such as computational power also determines the selection of different methods used for
uncertainty analysis.
Uncertainty analysis methods in all of the above cases should involve: (i) identification
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and quantification of the sources of uncertainty; (ii) reduction of uncertainty; (iii)
propagation of uncertainty through the model by using sampling methods; (iv)
quantification of uncertainty in the model outputs; and (v) application of the uncertain
information in decision making process. However, the practice of uncertainty analysis
and use of the results of such analysis in decision making is not widespread.

2.4

Uncertainty representation

The probability theory, fuzzy set theory and the entropy theory are the commonly
used uncertainty analysis theories in hydrological modelling. The following sub - sections
provide some details on these theories.

2.4.1

Probability theory

Probability theory represents uncertainty as random variables or a stochastic
process. Of all the methods for uncertainty analysis, probabilistic methods have by far
the longest tradition and are the best understood. This of course does not imply that
they are beyond criticism as any method of handling uncertainty. It does, however,
mean that they are relatively well tested and well developed and can act as a standard
against which other more recent approaches may be measured (Krause and Clark,
1993). There are basically two broad views of probability concept: frequentist view and
subjective view. These are discussed in the following paragraphs.
The frequency view of probability relates to the situation where an experiment can
be repeated indefinitely under essentially identical conditions, but the observed outcome
is random (not the same every time). Empirical evidence suggests that the proportion of
times any particular event has occurred, i.e. its relative frequency, converges to a limit
as the number of repetitions increases. This limit is the probability of the event (Hall,
2003). Thus, if nt is the total number of experiments and nx is the number of times where
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the event x occurred, the probability P (x) of the event occurring will be approximated
by the relative frequency as follows:
P (x) =

nx
nt

(2.1)

Mentioned above, as the number of experiments approaches infinity, the relative
frequency will converge exactly to the probability:
P (x) = nlim
→∞
t

nx
nt

(2.2)

In subjective view, the probability is interpreted as a degree of belief. Subjective
view of probability is also referred to as Bayesian probability, in honour of Thomas
Bayes (1702 - 1761), a scientist from the mid - 1700s who helped to pioneer the theory
of probabilistic inference. The Bayesian probability of an event x is a person’ s degree of
belief in that event. Whereas a classical probability is a physical property of the world
(e.g., the probability that a coin will land heads), the Bayesian probability is a property
of the person who assigns the probability (e.g., our degree of belief that the coin will
land heads). The basic idea in the application of subjective view of probability is to
assign a probability to any event on the basis of the current state of knowledge and to
update it in the light of the new information. The conventional procedure for updating
a prior probability (i.e. initial belief) in the light of new information is by using the
famous Bayes’ theorem.
The mathematics of the probability theory is based on three basic axioms formulated
by Andrei N. Kolmogorov in 1933. Let us consider the universal set X containing all
possible elements of concern. Let the event A be an element of the universal set X.
The probability P (A) of an event A is a real number in the unit interval [0, 1]. The
probability obeys the following basic axioms:
• Axiom 1: P (A) ≥ 0, i.e., the probability of an event is always non - negative.
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• Axiom 2: P (X) = 1, i.e. the probability of the universal set is 1.

• Axiom 3: For any sequences of disjoint sets Ai ∈ X
P (A1 ∪ A2 ∪ . . .) =

X

P (Ai )

i

Let the random variable X has a set of possible discrete states x1 , . . . , xn . Then
P (X = xi ) denotes the probability of variable X being in state xi and it follows from
the axioms that:
n
X

P (X = xi ) = 1

(2.3)

i=1

The sequence of probabilities P (X = x1 ), . . . , P (X = xn ) defines a probability vector
P (X) which represents the probability distribution of X over all of its states. In
probability theory, the uncertainty of the random variable X is represented by its
probability distribution over all of its states. Cumulative distribution function (CDF) is
the accumulation of the probability distributions defined as:
FX (x) = P (X ≤ x) =

Z x
−∞

fX (x)dx

(2.4)

where fX (x) is the probability distribution function of the random variable X at x. It
should be noted that any function representing the probability distribution of a random
variable must necessarily satisfy the axioms of probability. For this reason, CDF has the
following properties:
• it must be non - negative;
• it increases monotonically with the value of the random variable;
• the probabilities associated with all possible values of the random variable must
add up to 1.0.
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In probabilistic approaches of uncertainty analysis, probability distribution functions
(PDF) or probability mass functions (PMF) of input parameters are developed from
available data and propagated through an analysis model. The probability theory based
on propagation techniques are broadly classified into three categories: i) analytical
method, ii) approximation method, and iii) sampling method.

i) Analytical method
A common analytical method is the derived distribution method, also called
transformation of variables method. It determines the distribution of random variable Y ,
which is related to another random variable, X, whose PDF or cumulative distribution
functions (CDF) are known, through the functional relationship Y = f (X). The CDF
of Y can be obtained as:
h

i

FY = FX f −1 (y)

(2.5)

where f −1 (y) represents the inverse function of f .
Then the PDF of Y , fY (y) can be obtained by taking the derivative of FY (y) with
respect to y as:
fY (y) =


 df −1 (y)
dFY (y)
= fX f −1 (y)
dy
dy

(2.6)

Equation (2.6) forms the basic building block of uncertainty analysis. In principle, the
concept of deriving the PDF of a random variable as functions of the PDF of other
random variables is simple and straightforward. However, the success of implementing
such procedures largely depends on the functional relationship, the form of the PDF
involved. This method is rarely used in rainfall - runoff modelling, because of the non linearity and complexity of the model.

ii) Approximation method
Most of the models used in rainfall - runoff modelling are nonlinear and highly complex.
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This basically limits analytical derivation of the statistical properties of the model
output. An alternative approach to estimation and propagation of uncertainty are the
point methods based on first order analysis. The First Order Second Moment (FOSM)
is one of the most widely used techniques for uncertainty analysis in civil engineering
application. The FOSM estimates uncertainty in terms of mean and variance of the
system outputs from the given values of mean and variance of input uncertain variables.
It uses the first - order terms of the Taylor series expansion about the mean value of
each input variable. This method is also referred to as First Order Reliability Method,
First Order Variance Estimation Method, and First Order Analysis (Khatri, 2013).
Let us consider the model output Y as a function of input random variable X:
Y = f (X).
The mean µY and the variance σY2 of Y are given by:

µY
σY2

=
=

Z ∞
−∞

Z ∞
−∞

f (x)fX (x)dx

(2.7)

[f (x) − µY ]2 fX (x)dx

(2.8)

The great advantage of the FOSM method is its simplicity, computational efficiency, and
requiring knowledge of only the first two statistical moments (i.e. mean and variance) of
the input variables. Numerical and sometimes even analytical derivatives can be used to
calculate the expected value and the variance of the predicted variable (e.g. streamflow).
However, the main weakness is the assumption that a single linearization of the system
performance function at the central values of the basic variables is representative of the
statistical properties of system performance over the complete range of basic variables
(Melching, 1995). For non - linear system like rainfall - runoff modelling this assumption
becomes less and less valid as the basic variables depart from the central values.

iii) Sampling techniques of uncertainty propagation
Sampling methods provide the estimation of the probability distribution of an output,
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while approximation methods provide only the moments of the distributions (Haldar
and Mahadevan, 2000). Monte Carlo and Latin hypercube sampling techniques are
widely applied sampling methods in uncertainty analyse.

a) Monte Carlo Simulation (MCS)
MCS is the most commonly used sampling method of uncertainty analysis. It relies
on the central limit theorem to provide an overall assessment of the uncertainty in a
prediction (Macdonald and Strachan, 2001) related to all uncertainties in the input
parameters, regardless of interactions and quantity of the parameters. MCS first
assigns a PDF to each parameter under consideration. Values for all parameters are
then randomly selected from their PDF, and a simulation is undertaken repeatedly.
After a number of simulations, the simulation results will form a distribution with an
uncertainty. The MCS method can maintain the non - linear character of the model.
It is applicable to process any types of the input uncertainties as long as they can be
described in statistical terms. The output of the model is generated in a probability
distribution functions that allows for complete statistical analysis of the results. Despite
a proven robust method of uncertainty analysis, it has some major disadvantages. For
example, MCS requires a large number of simulations, and there is likely to be missing
sampling in some areas. Additionally, it can be difficult to identify the distributions for
many input parameters, and MCS is not applicable for uncorrelated random variables
(Van der Klis, 2003).

b) Stratified Sampling and Latin Hypercube Sampling (LHS)
In stratified sampling, the probability distribution of the input variable is typically
divided into several strata of equal probability; one value is then chosen at random
within each stratum. This method is an improvement over simple random sampling
ensuring that samples from the whole distribution area are included.
Latin hypercube sampling method is an evolution of stratified sampling. In LHS, the
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region between 0 and 1 is uniformly divided into N non - overlapping intervals for
each random variable. The N non - overlapping intervals are selected to be of the same
probability of occurrence. Then, different values in the N non - overlapping intervals
are randomly selected for each random variable, i.e., one value per interval is generated.
This can be accomplished by initially generating N random numbers within the range
[0, 1].

2.4.2

Fuzzy set theory

In classical set theory, any element x of the universal set X can be classified as being
either an element of some sub - set A (i.e., x ∈ A) or an element of its complement
x ∈ Ā,

i.e.,

x 6∈ A.

Zadeh (1965) suggested that boundaries of a set should be fuzzified so that an element
can still be a member of a set with a degree of membership between 0 and 1. In fuzzy
sets, the transition between membership and non - membership can be gradual. This
gradual transition of memberships is due to the fact that the boundaries of fuzzy sets
are defined imprecisely and vaguely. This property of a fuzzy set makes the fuzzy set
theory viable for the representation of uncertainty in a non - probabilistic form (Maskey,
2004).
Mathematically, the fuzzy set Ã which is a subset of the universal set X is defined by
the membership function:
µÃ (x) : X → [0, 1]

(2.9)

The membership function µÃ (x) maps every element of the universe of discourse X to
the interval [0, 1]. Now, fuzzy set Ã can be defined by ordered pair of the elements of
fuzzy set and degree of membership to the set as:
Ã = {(x, µÃ (x))}

(2.10)
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where x ∈ X and µÃ (x) ∈ [0, 1].

2.4.3

Entropy theory

The concept of entropy plays a pivotal role in information theory. Shannon (1948)
is a pioneer who developed entropy theory for the expression of information or
uncertainty. He defined entropy as a quantitative measure of uncertainty associated
with a probability distribution or the information content of the distribution. The
uncertainty can be quantified with entropy taking into account all the different kinds
of available information (Singh, 2000). Thus, entropy is a measure of the amount of
uncertainty represented by the probability distribution and is a measure of chaos or
the lack of information about a system. Roughly speaking, entropy is a mathematical
formulation of the uncertainty and the amount of information in a data set. If complete
information is available, entropy equals zero, otherwise it is greater than zero.
Small sample size and limited information render estimation of probability
distributions of system variables with conventional methods quite difficult. This
problem can be alleviated by use of entropy theory, which enables the determination
of the least - biased probability distribution with limited knowledge and data. Entropy
theory is versatile, robust and efficient (Singh, 1997). In recent years, entropy theory
has been applied to a great variety of problems in hydrology (e.g., Singh and Rajagopal,
1987; Singh, 1997). However, Amorocho and Espildora (1973) were the first to introduce
the concept of entropy in the assessment of uncertainty in daily runoff simulation
models. Markus et al., (2003) used entropy theory to quantify uncertainty in the results
of neural networks based models.
In order to formulate the concept of entropy mathematically, let us consider an
example from Shannon (1948). Suppose we have a set of n possible outcomes x1 , . . . , xn
with probabilities of occurrence p1 , . . . , pn respectively. The target is to find a function
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H(p1 , . . . , pn ) which measures the uncertainty in the outcome. The function must satisfy
the following conditions:
• H should be continuous in the pi .
• If all the pi are equal then pi = 1/n. It follows that H should be a monotonically
increasing function of n. With equally likely events there is more choice, or
uncertainty, when there are more possible events.
• If a choice be broken down into two successive choices, the original H should be
the weighted sum of the individual values of H.
The only H satisfying the three above conditions is of the form:
H = −k

n
X

pi log pi

(2.11)

i=1

where k is a positive constant and depends on the base of logarithm used. Equation
(2.11) can be generalized for random variable X with variate values xn as:
H(X) =

N
X

p(xn ) log

n=1

1
p(xn )

(2.12)

where p(xn ) is the probability of outcome xn . Entropy H(X) is also called the marginal
entropy of a single variable X.

2.5

A review on stochastic differential equations for
application in hydrology

2.5.1

Basics in stochastic processes

Often, the systems we consider evolve in time and we are interested in their dynamic
behaviour, usually involving some randomness. Let (Ω, B, P ) be a probability space,
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where Ω is the set of scenarios, B is a sigma - algebra or Borel field and P is a
probability measure. A random variable X is a rule for assigning to every outcome ω
of an experiment Ω a number X(ω). A stochastic process Xt is a rule for assigning to
every ω ∈ Ω a function Xt (ω). Thus, a stochastic process could be seen as a family
of time functions depending on the parameter ω (a collection of paths or trajectories)
or, equivalently, a family of random variables depending on a time parameter t, or a
function of t and ω as well.

Definition 1. (Stochastic process)
We define real valued (one - dimensional) stochastic process a family of random variables
{Xt }t∈T defined on (Ω, B, P ):
Xt : Ω → R, t ∈ T ⊆ R+.
A stochastic process is a statistical phenomenon that evolves in time according to
probabilistic laws. We shall say that {Xt }t∈T is a discrete - state process if its values
are countable. Otherwise, it is a continuous - state process. The set S ⊆ R, whose
elements are the values of the process, is called state space. A stochastic process could
be a discrete time or a continuous time process. We sometimes write X(t) instead of
Xt . Moreover, we shall use the notations: {Xt }t∈T , {X(t), t ∈ T }, or X(t), t ∈ T , to
represent a stochastic process. We would use simply X or X(t) if the specification of the
set T were redundant. Moreover, we often refer to the parameter t as a time variable
and thus we often take T = R+ = t ∈ R, t ≥ 0.

Definition 2. (Wiener process)
A Wiener process or Brownian motion, Wt , is defined as a zero mean stochastic process
that satisfies the following properties:
a) P {W0 = 0} = 1.
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b) For all non - overlapping time intervals [t1 , t2 ] and [t3 , t4 ], the random variables
Wt2 − Wt1 and Wt4 - Wt3 are independent.
c) For any time interval [t1 , t2 ], Wt2 −Wt1 is stationary and Gaussian distributed with
mean 0 and variance ∝ |t2 − t1 |.
Properties b) and c) are often used to point out that the process has independent
and stationary increments.
Definition 3. (Stationary process)
A stochastic process {Xt }t≥0 is said to be a stationary process if any collection
{Xt1 , Xt2 , . . . , Xtn } has the same distribution of {Xt1 +τ , Xt2 +τ , . . . , Xtn +τ }, for
each τ ≥ 0. That is,
d

{Xt1 , Xt2 , ..., Xtn } = {Xt1 +τ , Xt2 +τ , ..., Xtn +τ }

(2.13)

The above equation (2.13) expresses the time translational invariance of the finite
dimensional distributions of a stationary process. Let X be a stationary process, then
the following elementary properties hold:
d

• Varying t, all the random variables Xt have the same law; i.e. Xt1 = Xt2
for any t1 , t2 ≥ 0.
• All the moments, if they exist, are constant in time.
• The distribution of Xt1 and Xt2 depends only on the difference τ = t2 − t1 (time
lag).
Therefore, the autocovariance function γ(t1 , t2 ) = γ(t2 − t1 ) depends only on τ = t2 - t1 .
We write
γ(τ ) = E(Xt − µ)(Xt−τ − µ) = Cov(Xt , Xt−τ ),

(2.14)

where µ = E(X(t)) and γ(τ ) indicates the autocovariance coefficient at the lag τ .
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Definition 4. (Moments)
The moments of a random variable X may or may not exist, depending on how fast its
distribution decays at infinity:
• the nth moment, mn , of a random variable X on R is defined by mn (X) = E[X n ];
• the absolute moments of X are the quantities mn (|X|) = E[|X|n ];
• the nth centered moment rn is defined as the nth moment of X − E[X]
rn (X) = E[(X − E[X])n ].

(2.15)

Definition 5. (Characteristic function)
The characteristic function of a random variable X is defined to be the complex - valued
function on t ∈ R
h

ϕX (t) = E eitX

i

(2.16)

The properties of the characteristic functions are given below.
(a) ϕ exists for any distribution for X.
(b) ϕ(0) = 1.
(c) |ϕ(t)| ≤ 1 for all t.
(d) ϕ is uniformly continuous. That is for all  > 0, there exists δ > 0 such that
|ϕ(t) − ϕ(s)| ≤  whenever |t − s| ≤ δ.
(e) The characteristic function of a + bX is eiat ϕ(bt).
(f) The characteristic function of −X is the complex conjugate ϕ(t).
(g) A characteristic function ϕ is real valued if and only if the distribution of the
corresponding random variable X has a distribution that is symmetric about zero,
that is if and only if
P [X > z] = P [X < −z]

f or all z ≥ 0.
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(h) The characteristic function of a convolution F ∗ G is ϕF (t)ϕG (t).
White noise is a classical notion in theory of systems or in electronics for instance.
But this notion is seldom encountered in the modelling of the hydrological parameters.
Random noise is always present in measurements, and can be represented by white noise.
Therefore, it will be useful to review the definition of white noise.

2.5.2

Definition of white noise

Many processes in nature involve random fluctuations which we have to account for
in our models. In principle, everything can be random and the probabilistic structure of
these random influences can be arbitrarily complicated. As it turns out, the so - called
“white noise” plays an outstanding role.
Let us consider the concept of white noise in time. We will use the concept of spectral
density of a stationary stochastic process [X(t), t ∈ (0, T ) ≡ T ] as defined by Gikhman
and Skorokhod (1977). It is based on the principle that the covariance function γ(t)
of a stationary process is a non - negative definite function. According to Kintchine Bochner’ s theorem, a non - negative definite function can always be represented by the
following expression:
r(t) =

Z ∞

eiwt dG(w)

(2.17)

eiwt dG(w)

(2.18)

−∞

for a process with continuous parameters,
r(t) =

Z π
−π

for a process with discrete parameters.
In the above expressions, G is the spectral distribution of the stochastic process given
by
G(w) =

Z w
−∞

g(w0 )dw0

(2.19)
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where g(w) is called spectral density; g(w) is defined by the Fourier transform of the
covariance function
• For the continuous parameters
g(w) =
r(t) =

1 Z ∞ −iwt
e
r(t)dt
2π
−∞
Z
∞

eiwt g(w)dw

−∞

(2.20)
(2.21)

• For the discrete parameters
g(w) =
r(n) =

∞
1 X
r(n)e−inw
2π n=−∞

Z π

einw g(w)dw

−π

(2.22)
(2.23)

One can deduce the variance of X in the form:
V ar(X) = r(0) =

Z

dG(w)

(2.24)

where the integral is taken in the interval (−π, π) in case of discrete parameters and
in the interval (−∞, ∞) in case of continuous parameters. Thus, we can derive the
important property that the total variance of the spectral distribution and the variance
of the process are equal.
The usefulness of such property stems from the fact that it allows to understand
the properties of white noise and enables, at the same time, to define the concept of
white noise. A white noise is a stationary stochastic process that has a constant spectral
density
g(w) = constant = c.

(2.25)

Following this definition, one can easily calculate the covariance function for a discrete
process [X(t), t ∈ T ]
r(n) =

Z π
−π

einw cdw =

2c
sin nπ
n

(2.26)
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Hence the property of the discrete white noise:



2πc,

if n = 0


0,

if n = ±1, ±2, . . .

r(n) = 

(2.27)

From a physical point of view, this result shows that the values of the process are
uncorrelated for different discrete times. Therefore, the white noise is an independent
process. But if we attempt to define the covariance function of a continuous process, we
face some difficulties. Indeed, using g(w) = cst = c, one deduces an infinite variance by
integrating in (−∞, ∞). However, since the Fourier transform of a constant is given in
form of the Dirac’ s distribution, one can give the variance of a white noise in the form
r(t) = 2πcδ(t)

(2.28)

Taking into account all what has preceded, the white noise [ε(t), t ∈ T ] is a stochastic
process that fulfils the following conditions:





ε(t)





is an independent process

E[ε(t)] = 0







E[ε(t).ε(s)]

2.5.3

(2.29)
= c(t)δ(t − s)

Stochastic differential equations

A differential equation that contains a random component, which in turn leads
to a solution that is a random process, is known as a SDE. Stochastic differential
equations model physical systems that experience random influences in their dynamical
behaviour. The main advantage of the SDE approach is that it provides a physically
transparent and mathematically tractable description of the stochastic dynamics,
indicating how uncertainty in input precipitation and environmental parameters
(potential evapotranspiration, temperature) affects the uncertainty in model output.
Let the time evolution of the states of a dynamical system Xt ∈ R, t0 ≤ t ≤ T , be
described by the solution to the SDE (2.30)
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(2.30)

where b(X(t), t) and σ(X(t), t) are respectively the drift component and volatility
component of the SDE; dW (t) is the increment of the Wiener process. X(t0 ) is a
stochastic initial condition satisfying E[kX(t0 )k2 ] < ∞. Indeed, an ODE is a SDE with
no volatility. Equation (2.30) is mathematically equivalent to
X(t) = X(t0 ) +

Z t
t0

b(X(s), s)ds +

Z t
t0

σ(X(s), s)dW (s)

(2.31)

The first integral in the right hand side of this equation is a usual Riemann integral
while the last integral is a Stieljes - type integral for which the usual methods of
calculation is not applicable since dW (s) is of order (ds)1/2 . It can be interpreted
either in the sense of Ito stochastic integral, or in the sense of Stratonovich symmetric
stochastic integral. Let us first compare Ito and Stratonovich integrals.
The Ito integral is just one interpretation of

Rt
t0

f (s, ω)dWs (ω) and the Stratonovich

integral is another interpretation, leading (in general) to different results. For each ω,
(n)

let Xt (ω) be the solution of the corresponding differential equation:
(n)

dX
dWt
= b(Xt , t) + σ(Xt , t)
.
dt
dt

(2.32)

(n)

Then Xt (ω) converges to some function Xt (ω), and it turns out that this solution
coincides with the solution obtained by the Stratonovich integral:
X k = X0 +

Z t
0

b(Xs , s)ds +

Z t
t0

σ(Xs , s) ◦ dWs

(2.33)

This implies that Xt is the solution of the following modified Ito equation:

Xk = X 0 +

Z t
0

Z t
1Z t 0
b(Xs , s)ds +
σ (Xs , s)σ(Xs , s)ds +
σ(Xs , s)dWs
2 t0
t0

(2.34)
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where σ 0 denotes the derivative of σ(x, t) with respect to x. The equation shows that
there is an explicit connection between the two models. It can be noticed that the two
integrals coincide if σ(x, t) does not depend on x. Let us consider the stochastic integral:
Z t
t0

W (s)dW (s)

(2.35)

where {W (t), t ∈ T } is a Wiener process. Define

I0 = lim
I1 = lim

N
X
i=1
N
X

W (ti )(W (ti+1 − W (ti )))

(2.36)

W (ti+1 )(W (ti+1 − W (ti )))

(2.37)

i=1

Taking the difference I1 − I0 yields:
I1 − I0 = lim

N
X

(W (ti+1 − W (ti ))2 = t

(2.38)

i=1

Hence, the result of the integral depends on the evaluation point of the integrand.
Let us now consider

Iγ = lim
= lim

N
X

((1 − γ)W (ti ) + γW (ti+1 )) ∆W (ti )

i=1
N h
X

W (ti )δW (ti ) + γ(δW (ti ))2

i

i=1
N 
X

1
1
(W 2 (ti+1 ) − W 2 (ti )) + (γ − )(δW (ti ))2
2
i=1 2
1
1
=
(W 2 (t) − W 2 (0)) + (γ − )t
2
2
= lim

(2.39)
(2.40)


(2.41)
(2.42)

Now it is clearly seen that for γ = 1/2, which corresponds to the Stratonovich integral,
one obtains similar result to the ordinary (deterministic) case. However, in this study
we assume that the SDE are interpreted in the Ito sense due to the fact that the
moments of different orders are easier to calculate with Ito integral.
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It is important to give the sufficient regularity conditions to ensure the existence and
uniqueness of strong solutions to (2.30).
Theorem 1 (Existence and uniqueness conditions). Let assume that b, σ and the initial
condition X(t0 ) = Xt0 satisfy the following conditions.
A1. Measurability: b(X, t) and σ(X, t) are L2 - measurable in [t0 , T ] × R.
A2. Lipschitz condition: there exists a constant K > 0 such that for any
t ∈ [t0 , T ] and X, X 0 ∈ R:

|b(X, t) − b(X 0 , t)| ≤ K|X − X 0 |,

(2.43)

|σ(X, t) − σ(X 0 , t)| ≤ K|X − X 0 |.

(2.44)

and

A3. Linear growth bound: there exists a constant K > 0 such that for any
t ∈ [t0 , T ] and X, X 0 ∈ R:

|b(X, t)|2 ≤ K 2 (1 + |X|2 ),

(2.45)

|σ(X, t)|2 ≤ K 2 (1 + |X|2 ).

(2.46)

and

A4. Initial value: Xt0 is Ft0 - measurable with E(|Xt0 |2 ) < ∞.
Theorem 2. Under assumptions A1 - A4 the stochastic differential equation (2.30) has
a unique strong solution X(t) on [t0 , T ].
Basically, it is convenient to think of X(t) as the output of a system described solely
by the infinitesimal characteristics b and σ with inputs W (t) and X(t0 ) (Figure 2.2 )
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X(t0 )

input W (t)

b , σ

X(t) output

Figure 2.2: A diagram of a SDE with drift b and volatility σ

Markov Chain Monte Carlo methods are the most popular in uncertainty estimation.
The Shuffled Complex Evolution Metropolis algorithm (SCEM - UA) of Vrugt et al.,
(2003) and the Generalized Likelihood Uncertainty Estimation (GLUE) by Beven and
Binley (1992) have been used in numerous studies. The latter has been criticized
for the adoption of “less formal likelihood”, the subjective choice of “behavioural”
parameter sets and the lumping of all sources of uncertainty into a singular parameter
uncertainty leading to very wide confidence bounds (Kavetski et al., 2002). Perhaps the
major concern with both methods is the lack of acknowledgement of the stochastic
properties of the random component of the model input. Although the need for
an effective quantification of the forecasted uncertainty has been stressed by many
authors (Montanari and Grossi, 2008; Bogner et al., 2012; Hostache et al., 2010), this
research considers that the improved understanding of the hydrological dynamics of river
catchments in tropical context is important because:
• first, gauging networks are in decline as a result of weak financial and human
resources,
• second, rapid land use and stream channel changes affect hydrological responses.
In this view, one of the ways to improve runoff prediction in this context of temporally
varying catchment is to improve understanding of the hydrological processes, having
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in mind that each method of uncertainty assessment may have its own strengths and
shortcomings (Efstratiadis et al. 2014). This will be beneficial to predict the impact of
different form of uncertainties on the overall water availability, in a single framework,
for water users and decision makers.

Chapter 3

Study area and data

Prior to any modelling, it is important to present the study area and the data used.
Hence, this chapter introduces the study area through the location, the climate, the
vegetation, as well as the geology and the soils that characterize the study area. It also
presents the characteristics of the hydrometeorological data used, precipitation, potential
evapotranspiration and discharge data available.

3.1
3.1.1

The study area
Location of the study area

At the scale of West Africa, Ouémé is a small coastal river that covers at Bonou,
the most advanced hydrological station before the delta, an area of 49, 256 km2 . Ouémé
catchment occupies the southern and central Benin. Ouémé is the largest river of Benin
and it springs from the classified forest of Tanéka (Atacora). Benin shares the Guinea
Coast of West Africa (between 6◦ 25’ and 12◦ 30’ North latitude and between 0◦ 45’ and
4◦ East longitude) and is bordered to the west by Togo, to the east by Nigeria, and to
the north by Niger and Burkina Faso. It stretches over 670 kilometers from the Bight of
Benin in the south to the Niger River in the north and has a coastline stretching 122 km
from east to west. With its two most important tributaries, Zou (150 km) and Okpara
(200 km), the Ouémé river drains into Lake Nokoué (150 km2 ) and flows through the
coastal lagoon system into the sea (Diekkrüger et al., 2010).
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This study covers the Beterou, Savè and Bonou sub - catchments of the Ouémé river.
The Ouémé catchment at the Beterou outlet (10,475 km2 ) is one of the sub - catchments
of the Upper - Ouémé. The Upper - Ouémé catchment has a size of approximately 14,000
km2 . The Ouémé at Beterou catchment constitute the biggest gauged catchment of the
Upper - Ouémé catchment. It is an area referred to as AMMA - CATCH - Benin site.
The Ouémé at Savè catchment stretches out from the center to the north of Benin
between 7◦ 58 - 10◦ 12 N and 1◦ 35 - 3◦ 05 E. It covers an area of 23,600 km2 (Le Barbe
et al., 1993) which is about 47.2% of the whole Ouémé catchment. The Ouémé river
basin at the Bonou outlet covers roughly 43% of the country area (Barthel et al., 2009)
between 6.8 and 10.2◦ N of latitude and between 1.3 and 3.45◦ E of longitude. About
89% of the catchment is located in Benin, about 10% in Nigeria and about 1% in Togo
(Figure 3.1). On a global view, Benin extends from the Niger River to the Atlantic
Ocean, with a relatively flat terrain, small mountains (about 600 m), and low coastal
plains with marshlands, lakes and lagoons.

3.1.2

Rainfall

The Ouémé catchment covers two climatic zones: the Guinea savanna zone and the
Soudanese savanna zone. The seasonal cycle of the mean monthly rainfall for the time
- period 1961 - 2010 shows that the north of the catchment (Ouémé at Beterou) and
the transition climatic area (Ouémé at Savè) have a unimodal rainfall season (from mid
- March to October) that peaks in August (Figure 3.2.a and b ), whereas the south of
the catchment exhibits a bimodal rainfall season (from March to July and from August
to October) that peaks in June and September (Figure 3.2.c). The interannual mean
rainfall on the Ouémé at Beterou is around 1160 mm, the minimum is 743 mm (in 1983)
and the peak is 1587 mm (in 1963) over the time period 1961 - 2010 (Figure 3.3.a).
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Figure 3.1: The study area. The investigated sub - catchments are Ouémé at Beterou (10,475
km2 ), Ouémé at Savè (23,600 km2 ), Ouèmè at Bonou (49,256 km2 ).

In the Ouémé at Savè, the interannual mean rainfall is around 1075 mm, the minimum
is 680 mm (in 1983) and the maximum is 1693 mm (in 1963) over the same period
(Figure 3.3.b), whereas the interannual mean rainfall on the Ouémé at Bonou is around
1100 mm, the minimum is 652 mm (in 1983) and the peak is 1536 mm (in 1963)
(Figure 3.3.c). The rainfall regime is characterized by a high rainfall variability on that
period (Figure 3.4 a, b and c ). Rainfall variability analysis revealed a multi - decadal dry
episode (rainfall anomalies) commenced around 1970 with remarkable drought periods
in the early 1970s and early to mid - 1980s in the Sahelian region, and higher year - to year variability with sequences of dry years in the coastal Guinean regions (Fink et al.,
2010a).
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(b) Ouémé at Savè

(a) Ouémé at Beterou

(c) Ouémé at Bonou
Figure 3.2: Mean monthly rainfall for the time period 1961 - 2010.

When compared with the standardized rainfall time series for the Sahelian region
and the Guinean Coast (Figure 3.4 e and f ), it appeared that the Ouémé regions
exhibit a similar rainfall variability to the Guinean coast rainfall index. However, the
northern Ouémé region exhibits a strong coherence with rainfall anomalies of the Sahel
on decadal time scales (Fink et al., 2010b).
The variations in the West African climate (rainfall) are generally attributed to
the irregular movement of the Inter Tropical Convergence Zone (ITCZ) (Cochémé
and Franquin, 1967). However, local factors, such as surface conditions, orography
phenomena and atmospheric disturbances are also important too (Shelton, 2009).
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(a) Ouémé at Beterou

(b) Ouémé at Savè

(c) Ouémé at Bonou
Figure 3.3: Interannual rainfall variability over the time period 1961 - 2010

The Inter Tropical Convergence Zone (ITCZ) is the zone of discontinuity between
two air masses with distinctly different moisture characteristics (Le Barbé et al., 2002):
(i) the maritime (humid) air mass originating from the Atlantic Ocean and associated
with the south - western winds, commonly referred to the southwest monsoon (Fink et
al., 2010b); and (ii) the continental (dry) air mass originating from the African continent
and associated with the north - eastern harmattan winds.
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(a) Ouémé at Beterou

(c) Ouémé at Bonou

(e) West/Central Sahel
(after Speth et al., 2010)
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(b) Ouémé at Savè

(d) The three regions in West Africa
(after Speth et al., 2010 )

(f) Guinea Coast
(after Speth et al., 2010)

Figure 3.4: Standardized rainfall index for Ouémé at Beterou, Ouémé at Savè, Ouémé at
Bonou and for West and Central Sahel and Guinea Coast. The map displays homogeneous
rainfall regions (after Speth et al., 2010)
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The ITCZ has its most northerly position in August and its southern most position
in January (Weischet and Endlicher, 2000). It is evident that increasing atmospheric
disturbance (e.g. gas emission) and changes in landscape surfaces may strongly affect
the air mass characteristics, and thus may increase climate variability and climate
change.
Rainfall - runoff variability is high in the catchment. Diekkrüger et al., (2010) showed
that this variability led to runoff coefficients varying from 0.10 to 0.26 (of the total annual
rainfall), with the lowest values for the savannahs and forest landscapes.
The anomalies of precipitation, which were observed since the 1970s in West Africa,
are reflected also in the discharge quantities of the Ouémé catchment. Figure 3.5 shows
the deviation from the average yearly discharge of the investigated sub - catchments.
This reveals that the total discharge during the years 1970 to 1990 is clearly below the
average annual stream flow.

3.1.3

Vegetation

The Ouémé catchment landscape is characterized by gallery forest, savannah,
woodlands, agricultural lands, pastures and mosaics of cropland and bush fallow,
plantation with Parkia, Cashew and palm trees (Bossa, 2007). Agriculture and other
human activities have led to large scale deforestation and fragmentations leaving only
small blocks of natural vegetation types within a matrix of degraded secondary habitats
(Porembski et al., 2010). Woodland and savannah are the main types of natural
vegetation found in the upper basin, while the southern part is characterized mainly
by gallery forests. The vegetation density is higher in the north than the south, due to a
lower population density. Bush fires occurring regularly during the dry season enhance
runoff and erosion due to clearing of the vegetation which results in a rapid degradation
of the soils.
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(a) Ouémé at Beterou

(b) Ouémé at Savè

(c) Ouémé at Bonou
Figure 3.5: Deviation from the average yearly discharge of the investigated sub - catchments
from 1961 to 2010.

3.1.4

Soils

In the Ouémé catchment the main landscape elements are the crest and the upper,
middle and lower slopes (together referred to high peneplains), following by the valley
fringe and colluvial footslopes, and the valley bottoms and terraces (low peneplains
and floodplains) (Igué, 2000). As the most widespread landscape element within the
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Ouémé catchment, the high peneplains is consisted of three major soil types (Igué,
2000): deep to very deep red soils, moderately deep, shallower and gravelly soils that
overlie some time the rock (basic basement) (Dubroeucq, 1967) or petroferric horizon
(gneiss/migmatite basement) (Dubroeucq, 1967). At regional scale, predominant soils are
fersialitic soils (ferruginous tropical soils), characterized by clay translocation and iron
segregation (ferruginous tropical soils with concretions), which lead to a clear horizon
differentiation (Faure and Volkhoff, 1998; Gaiser et al., 2010).

3.1.5

Geology and geomorphology

The geology of Benin consists of two main rock types (metamorphic/crystalline
rocks and sedimentary rocks) as summarized by Faure and Volkoff (1998):
(1) metamorphic/crystalline rocks (Precambrian/Dahomeyan basement), consisted
predominantly of complex migmatites granulites, with granitic/gneissic intrusion,
divided into two differentiated units: (i) a granite gneissic unit in the east, composed
of rocks corresponding to a medium metamorphic gradient: amphibole - gneiss, biotite
- gneiss and some basic rocks as amphibolites embedded in folded granite gneiss syntectonic granites that form the main lithologic component; and (ii) a granulitic and
aluminous gneissic unit westward, composed of several Late - or Post - Panafrican
granitic intrusions.
(2) sedimentary rocks distributed in three basins: (i) the coastal basin formed by
Cretaceous - Tertiary series made up of clays, sands, gravel, ferruginous sandstone
overlain by clayey sands and fluviatile deposits - Continental Terminal, in which the
“Terre de Barre” is differentiated; (ii) the Kandi Basin in the north - east, comprises a
Cambrian base - conglomerate, Paleozoic sandstones and clays, Cretaceous sandstones
and a Continental Terminal cover with ferruginous sand - stones; and (iii) part of the
Volta Basin (in the north-west), composed of siltstones and sandstones with interlayered
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limestones, tillites, limestones and silexites, phosphates of the Buem unit and quartzite
sandstones that are gradually metamorphosed toward the east (Figure 3.6 ). The
metamorphic equivalents of these sandstones constitute the Atacora unit that forms
the highest relief line of the area. The Ouémé catchment is mainly characterized by the
Precambrian basement, consists predominantly of complex migmatites granulites and
gneisses, including less abundant mica shists, quarzites and amphibolites (Reichert et
al., 2010).

Figure 3.6: Benin geological basins (after Bossa, 2012).
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Data collection
Daily rainfall data

The daily rainfall data used in this study were provided by the Benin Meteorological
Department, ASECNA (Agency for Air Navigation Safety in Africa and Madagascar).
It is well known that the quality of rainfall data depends on the instrument used, its
installation, its site characteristics, and its operation by a trained observer. Common
errors include, incorrect readings, misplaced decimal points, copying errors, arithmetic
errors, corrected readings entered on wrong days and systematic errors. In this study,
a total of twenty five rainfall stations were considered following a homogeneity test
of Kruskal - Wallis (Saporta, 1974). The rain gauge characteristics are indicated in
Table 3.1.
The time period 1961 - 2010 has been chosen as the study period (good compromise,
taking into account the length of the data available in the different stations). Figure 3.1
shows the location of the rainfall stations used and Table 3.1 shows the number of missing
years for each station over the study period. A year is declared missing if the station did
not record at least 75% of data during the rainy season (Lawin, 2007) and this is due to
the fact that the mean rainfall from March to October explains more than 88% of the
annual rainfall in the study area. Spatialized regional daily mean rainfall was obtained
by kriging (Matheron, 1970) with an exponential variogram.

3.2.2

Potential evapotranspiration (PET)

Potential evapotranspiration (PET) is the amount of water that would be evaporated
and transpired if there were sufficient water available. This demand incorporates the
energy available for evaporation and the ability of the lower atmosphere to transport
evaporated moisture away from the land surface. Potential evapotranspiration is usually
measured indirectly, from other climatic factors, but also depends on the surface
type, such as free water (for lakes and oceans), the soil type for bare soil, and
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Table 3.1: Rain gauge characteristics
Stations

National

Longitude Latitude

Installation

Number

code

(Decimal

(Decimal

date

missing years

degree)

degree)

over

of

the

period 1961 2010
Kouande

D019

1.683

10.333

1931

6

Bembereke

D024

2.667

10.200

1921

0

Birni

D026

1.517

9.983

1953

7

Ina

D027

2.733

9.967

1947

8

Nikki

D028

3.200

9.933

1921

8

Djougou

D030

1.662

9.700

1921

7

Partago

D032

1.900

9.533

1969

10

Okpara

D033

2.733

9.467

1957

1

Parakou

D034

2.612

9.350

1952

0

Penessoulou

D035

1.550

9.233

1969

12

Beterou

D036

2.267

9.200

1953

6

Bassila

D037

1.667

9.017

1951

9

Tchaourou

D038

2.600

8.867

1938

9

Toui

D041

2.600

8.667

1944

6

Ouesse

D042

2.383

8.500

1964

7

Bante

D045

1.883

8.417

1942

4

Save

D049

2.400

8.033

1952

0

Savalou

D050

1.983

7.933

1921

4

Dassa - Zoume

D051

2.167

7.750

1941

6

Ketou

D056

2.600

7.350

1950

1

Zagnanado

D057

2.333

7.250

1921

2

Abomey

D058

1.983

7.183

1921

5

Bohicon

D059

2.067

7.167

1952

0

Bonou

D061

2.450

6.910

1964

6

Pobe

D062

2.667

6.933

1921

1
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the vegetation. Often a value for the potential evapotranspiration is calculated at a
nearby climate station on a reference surface, conventionally short grass. Daily potential
evapotranspiration data, calculated by the Penman formula, were provided by the Benin
Meteorological Department (ASECNA).

3.2.3

Daily discharge data

The observation networks in the Ouémé catchment is installed by the National
Directorate of Water (DG - Eau) since the 50’s and has been recently (from 1998)
densified in the upper catchment through cooperation with the French Development
Research Institute (IRD), the Danish International Development Agency (DANIDA)
and the German IMPETUS project. The catchment network totalizes today roughly 27
gauging stations. Many years of missing data are sometimes observed in the measured
series, which may severely limit the simultaneous use of the different stations in
hydrological studies. The main stations are: Ouémé at Savè, Ouémé at Beterou, Ouémé
at Zagnanado, Ouémé at Bonou, Zou at Atchérigbé and Okpara at Kaboua. The series
of discharge data are longer there. However, the present research focusses on the Ouémé
at Beterou, Savè and Bonou catchments because of the regularity of the measures and
the length of the series. Nevertheless, the other stations which do not have long series
have been used at times to make comparisons of daily data in some specific periods.
Daily discharge data for the time period 1961 - 2010 were provided by the National
Directorate of Water. Table 3.2 presents the characteristics of the hydrometric stations
used.
Basically, several reasons justify the choice of these sub - catchments.
• Gaugings are numerous and are of good quality.
• The series of discharge contain few gaps compared to other sub - catchments.
• The long series of the available rainfall data enable better modelling of the
functioning of these sub - catchments.
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Table 3.2: Investigated hydrometric gauge stations characteristics

Stations

Longitude

Latitude

Length of series

(Decimal degree)

(Decimal degree)

Ouémé at Beterou

2.267

9.200

1952 - 2010

Ouémé at Savè

2.400

8.033

1951 - 2010

Ouémé at Bonou

2.450

6.910

1948 - 2010

Chapter 4

Modelling approach

This chapter presents the modelling approach used in this study. It describes
the theoretical basis of the hydrological model based on the least action principle
(HyMoLAP), the practical application of this model, as well as the procedure used
for the estimation of the physical parameters of this model. The chapter also discusses
the commonly used model performance criteria for the evaluation of the model and the
method used for the sensitivity analysis of the model parameters.

4.1

Theoretical basis of the hydrological model
based on the least action principle (HyMoLAP)

Two distinct ways of analyzing physics problems are known and used for a long
time: force methods based on Newton’s Laws and energy methods consisting of the
application of conservation of energy. The hydrological model based on the least action
principle (HyMoLAP) uses the principle of minimum energy expenditure. This principle
can be stated as follows: “The nature always follows the simplest ways . . . . And the
simplest ways are those which minimize the expenditure of the nature in energy”
(Afouda et al., 2004). The least action principle (LAP) originally formulated in the
18th (by Maupertus, Euler, Lagrange, etc.) and generalized in the 20th century by
Noether’s theorem, has been of widespread application in fundamental physics (Arnold,
1974; Doubrovine et al., 1979) and is now conceived as a universal mathematical law
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of nature. It is herein considered that the global optimality principle postulated by
Rodriguez - Iturbe and Rinaldo (1997) for optimal channel networks is inherent to the
self adjusting behaviour of a river basin endowed with optimal channel networks. This
global optimality principle can be appropriately described by the LAP, whereby the
entire pattern of motion is characterized using kinetic and potential energies, without
specific reference to all the forces acting on or within the system. Although most of the
classical applications of this principle assume that the kinetic and potential energies
are respectively only functions of velocity and position, it is not necessarily the case in
general.
For hydrological systems, the discharge Q(X) which summarizes the interaction
between water and the river basin medium at X can be considered as a generalized
coordinate. The corresponding action is proposed in the form
Λ[Q] =

Z
Ω

L(X, Q, QX )dX

where L is the Lagrangian, Q is the discharge, QX =

∂Q
∂X

(4.1)

and X stands for time and space

coordinates. The LAP requires that the evolution of Q(X) must be determined within
the context of infinitesimal transformations that leave invariant the action functional.
"

∂
∂L
δΛ[Q] = dX
−
∂Q ∂X
Ω
Z

!#

∂L
∂QX

δQ +

∂L
δQ |Σ = 0
∂QX

(4.2)

In this equation, one assumes that δQ = 0 at the boundary Σ, such that the boundary
term

∂L
δQ |Σ =
∂QX

0 and QX stands for QX =

∂Q
.
∂X

Furthermore δQ is arbitrary elsewhere,

therefore equation (4.2) requires to have:
∂L
∂
−
∂Q ∂X

∂L
∂QX

!

=0

(4.3)

Equation (4.3) is known as the Euler - Lagrange equation. The discharge estimated is
based on the assumption that streamflow is related to various physical and climatological
characteristics of the watershed (Afouda et al., 2004). Now, let q0 be the rainfall depth
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and E the potential evapotranspiration estimate that are input to the model. q0 is an
estimate of the area catchment rainfall that can be computed by any interpolation
method from available rain gauges (for instance kriging method). In the classical
modelling process, one considers the following situations:
1) For q0 ≥ E, then q = q0 − E is the active rainfall and the active evapotranspiration
E0 = 0.
2) If E > q0 , then E0 = E − q0 and q = 0.
In the LAP modelling, the following situations will be considered
• When the rain - rate i =

dq
dt

exceeds the infiltration rate, fi (θ0 ), then infiltration

occurs with constant surface moisture content θ0 (Eagleson, 1970). It is reasonable
to assume a saturated surface θ0 = % (where θ0 and % stand respectively for surface
moisture content and porosity). Overland flow can occur.
• When potential evapotranspiration rate exceeds exfiltration rate, fe (θ0 ), then
exfiltration with constant surface moisture content θ0 occurs. Following Eagleson
(1970), one can assume a dry surface: θ0 = 0.
• Furthermore, infiltration at a constant rate whenever i < fi (θ0 ) and exfiltration at
a constant rate whenever E < fe (θ0 ) can occur.
It is assumed here that the river basin adjusts to these situations and to overland flow,
following the LAP. Therefore, the discharge at the outlet must be the reflect of these
various situations and can be related to the depth of rainfall by the equation
Q = K(Θ, t)q b

(4.4)

where K(Θ, t) is a time varying coefficient describing the interaction between the water
flow and the river basin medium, q is the cumulative rainfall and b is a non - linearity
coefficient. In the case of laminar overland flow, the coefficient K(Θ, t) reduces to
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K = gS/3ν, b = 3; where ν is the kinematic viscosity, g is the gravity field strength and
S is the slope. In the case of turbulent overland flow, K = C1 S 1/2 , b = 3/2 in which C1
is the Chezy coefficient. In the case of subsurface flow, K = κgS/% and b = 1 (% is the
porosity of the medium, κ is the intrinsic permeability).
The lagrangian L describes the algebraic sum of potential and kinetic energies in
terms of generalized coordinates and velocities as follows:


1
∂Q
L = − Q2µ +
2
∂X
where

∂Q
∂X

!2 

(4.5)



refers to the time and space variations of Q, µ is a non - linearity coefficient.

Then, one can determine
∂L
= −µQ2µ−1 ;
∂Q

∂L
∂



∂Q
∂X



=−

∂Q
∂X

(4.6)

The Euler - Lagrange equation leads to:
∂
∂X

∂Q
∂X

!

= µQ2µ−1

(4.7)

For operational purposes the lumped version of the model is herein considered.
Following Perrin et al., (2003) the practical superiority of distributed model or semi distributed approaches over lumped ones for streamflow simulation has not been clearly
demonstrated yet. Therefore the lumped version of equation (4.7) is given in the form:
d
dt

dQ
dt

!

= µQ2µ−1

(4.8)

where Q(t) is the discharge at the outlet of the river basin. By using equation (4.4),
b

where q = q(t), and by setting λ = − dtd (LogK), Z = K dqdt one can derive
dZ(q, t)
= ψ(q, t)
dt
dQ
d(λQ) µ 2µ−1
+ Q
= ψ(q, t) ⇒
= Y (Q, ψ, λ).
dt
λ
dt

(4.9)
(4.10)
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In the above equations (4.9) and (4.10), ψ and Y describe respectively the model input
and the model structure. Assuming λ to be constant, a comparison has been made by
Alamou (2011) between the numerical value calculated from the model and the results
from direct field measurement and thus confirm the physical meaning of this parameter.
Clearly λ is the recession coefficient. Thus, the lumped properties of the river basin
are described by λ while the hydrological properties are captured in the dynamical
equations (4.9) and (4.10). Moreover, equation (4.9) describes explicitly the production
process (i.e. the action of the unsaturated zone which accounts for evaporation
and evapotranspiration and divides the resulting rainfall event into two components:
overland and underground) and equation (4.10) describes the transformation process
(i.e. the process by which the amount of rainfall volumes for overland component and
underground component are transformed into runoff). Here, equations (4.9) and (4.10)
form the basic ODE describing the deterministic dynamics of the system. This model
has been used successfully in rainfall - runoff modelling for the Beterou catchment of
the Ouémé river (Afouda and Alamou, 2010; Alamou, 2011). The choice of this model
is determined by the targeted purposes. By coupling two classical theories we wish
to take advantage of the optimizing properties embodied in the physics based least
action principle deterministic hydrological model and the statistical consistency of the
Ito stochastic differential equation.

4.2

Estimation of the physical parameter of the
model

The application of the LAP results in the following differential equation (Alamou,
2011).
dQ µ 2µ−1 x(t)
+ Q
=
q(t)
dt
λ
λ

(4.11)
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where x describes the state (dry or wet) of the catchment. µ and λ are the physical
parameters of the model (they describe the physical structure of the system). This
model uses daily data. It is noticed that the hydrological response of rainfall processing
to runoff on day t − 1 at the outlet of the catchment occurs on day t (Afouda and
Alamou, 2010). Therefore, the discretization of equation (4.11) gives:
Qt = Qt−1 +

µ 2µ−1 xt
Q
+ qt−1
λ t−1
λ

(4.12)

where Qt and Qt−1 denote respectively the discharge at the outlet on day t and on day
t − 1; xt describes the state of the catchment on day t and qt−1 represents the cumulative
rainfall on day t − 1.
For the calculation of the parameters µ and λ, let us consider a long period of drainage
without rainfall input (qt−1 = 0). Thus equation (4.12) reduces to
µ
Qt − Qt−1 = − Q2µ−1
λ t−1

(4.13)

Taking the logarithm of both sides of equation (4.13) lead to:
ln(Qt−1 − Qt ) = A ln Qt−1 + B

(4.14)

where A = (2µ − 1) and B = ln( µλ ).
Through a good linear adjustment between ln(Qt−1 − Qt ) and ln Qt−1 , the use of
observed daily mean discharge at the catchment outlet for the calibration period of the
model allows the determination of µ and λ



µ

=

A+1
2



λ

=

µ
eB

=

(4.15)
A+1
.
2eB

Equation (4.14) is used for drying up simulation. However, to simulate the whole
hydrograph, one can calculate the values of xt by using equation (4.16) with the same
values of µ and λ.
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λ(Qt −Qt−1 +eB QA

t−1 )


,

if qt−1 6= C0



0

if qt−1 = C0

qt−1

(4.16)

where C0 represents a threshold which depends on the catchment conditions.
Figure 4.1 presents the schematic structure of HyMoLAP.

Figure 4.1: Schematic structure of HyMoLAP (after Gaba et al., 2015)

4.3

Model performance criteria

In order to evaluate the model performance for the calibration and evaluation, the
following criteria were taken into account: the coefficient of determination (R2 ), the

Model performance criteria

65

coefficient of model efficiency CE (Nash and Sutcliff, 1970) and the absolute percent
bias (APB).
The coefficient of determination is a number that indicates how well data fit a
statistical model, sometimes simply a line or curve. The coefficient of determination
ranges from 0 to 1. An R2 of 1 indicates that the regression line perfectly fits the data.
The model efficiency according to Nash and Sutcliff (1970) is defined as
Pn

(Qobs (i) − Qsim (i))2
2
i=1 (Qobs (i) − Qobs )

i=1
CE = 1 − P
n

(4.17)

where Qobs (i), Qsim (i) and Qobs stand respectively for the measured discharge, simulated
discharge and the arithmetic mean of Qobs (i) for all events, i = 1 to n. The model
efficiency can attain values from -∞ to 1. The value of 1 indicates the total agreement
of measured and simulated discharges. An efficiency of 0 (CE = 0) indicates that the
model predictions are as accurate as the mean of observed data, whereas an efficiency
less than zero (CE < 0) occurs when the observed mean is a better prediction than
the model, in other words, when the residual variance is larger than the data variance.
Essentially, the closer the model is to 1, the more accurate the model is.
The absolute percent bias (APB) is a measure of the timing difference between the
measured discharge and the simulated discharge. The value of APB is determined using
AP B(%) =

Pn

i=1

|Qsim (i) − Qobs (i)|
× 100
Pn
i=1 Qobs (i)

(4.18)

where all values have the same meaning as in equation (4.17). The smaller the APB
value, the better the performance of the model.
Additionally, sensitivity has been performed by the “one factor at - a - time” method
(OFAT) using equation (4.19) (de Roo, 1993). The aim of the sensitivity analysis is to
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determine the model parameters for which it is important to have more accurate values.
To this end, sensitivity indices of the model input parameters have been calculated for
the daily mean squared error between simulated and observed discharge. The advantage
of the OFAT - method is that sensitivity is clearly attributed to a single parameter while
all others are kept constant. The value of the model parameters are changed and their
influence on the daily mean squared error is derived (i.e. the daily mean squared error
is overestimated or underestimated).
SI10 =

|OP 10 − OM 10 |
Oo

(4.19)

with OP 10 = model output with a 10% increase of the parameter value, OM 10 = model
output with a 10% decrease of the parameter value and Oo = model output with the base
simulation. The classes of sensitivity index of the Table 4.1 was used for the evaluation
of the sensitivity analysis.
Table 4.1: Classes of sensitivity index SI10 of the model parameters.

Index

Sensitivity

SI < 0.05

Low

0.05 < SI < 0.2

Medium

0.2 < SI < 1.0

High

SI ≥ 1.0

Very high

Chapter 5

Modelling discharge dynamics using
HyMoLAP

This chapter focuses on the combination of a two step rainfall - runoff modelling
approach: a deterministic modelling of the system dynamics by a HyMoLAP and the
stochastic formulation of HyMoLAP in terms of SDE. HyMoLAP is designed to minimize
uncertainties related to hydraulic transformation process and scaling law, and thus
characterized by a limited number of parameters (λ, µ) capable of physical interpretation,
while its stochastic formulation helped to make use of the large body of Ito stochastic
differential equation theory.

5.1
5.1.1

Simulation of river discharge with HyMoLAP
Calibration of the model

The model was calibrated for the time period 2000 - 2005, except for the Ouémé
at Savè catchment where the calibration was performed over the time period 2002 2005, as 2000 and 2001 discharge data are missing. Figure 5.1 shows the results of the
simulated hydrographs compared with the observed discharge for the calibration period.
The difference between the observed and simulated results can be seen by a simple visual
control and the numerical values for CE, R2 and AP B as presented in Table 5.1. The
uncertainties associated with the peaks are greater than those associated with low flow.
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The CE and R2 are greater than 0.80 (Table 5.1), while an APB less than 40% was
achieved.

(a) Ouémé at Beterou

(b) Ouémé at Savè

(c) Ouémé at Bonou

Figure 5.1: Comparison of simulated with observed hydrograph for calibration period for the
investigated sub - catchments.
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Table 5.1: Performance criteria of the HyMoLAP (Calibration) for the investigated sub catchments

5.1.2

Sub - catchments

CE

R2

AP B(%)

Beterou

0.84

0.85

31.71

Savè

0.82

0.86

33.81

Bonou

0.81

0.82

35.52

Model validation

The model was applied with the same parameter set over the time period 2007 2008 for the investigated sub - catchments. The diagram of the model validation in the
investigated sub - catchments in Figure 5.2 shows that the agreement of simulated and
observed discharge is good. Compared to the calibration period, the major differences
between the measured and simulated hydrographs can be observed in the discharge
peaks. Minor differences can also be found in the other parts of the curves. The CE and
R2 are greater than 0.75 (Table 5.2), while an APB less than 40% was also achieved.
These three coefficients used to evaluate the model prediction here are slightly lower
values relative to the calibration period. These slightly lower values obtained after
validation of the model can be explained by the deficiencies contained in the different
climatic data in the model. However, these results indicate that the HyMoLAP is suitable
for simulation of river discharge in these sub - catchments.
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(b) Ouémé at Savè

(c) Ouémé at Bonou
Figure 5.2: Comparison of simulated with observed hydrograph for validation period for the
investigated sub - catchments.

To test how the model output depend on the model parameters, the sensitivity
analysis has been performed. Table 5.3 shows the sensitivity index for the mean squared
error of the discharge at the investigated sub - catchments. It can be seen from this table
that, for all investigated sub - catchments, the sensitivity indices for the parameter µ
lie in the interval ]0.2, 1.0[, while those for the parameter λ are less than 0.05. These
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Table 5.2: Performance criteria of the HyMoLAP (Validation) for the investigated sub catchments

Sub - catchments

CE

R2

AP B(%)

Beterou

0.78

0.81

31.37

Save

0.81

0.83

29.9

Bonou

0.76

0.78

39.52

results show that the model parameter µ is the parameter for which it is important to
have more accurate values for a best discharge prediction.
Table 5.3: Sensitivity index of the model parameters for the mean squared error of daily
discharges.

Sub - catchments
Beterou
Save
Bonou

Parameters

Index

Sensitivity

µ

0.4312

High

λ

0.0310

Low

µ

0.3417

High

λ

0.0235

Low

µ

0.4145

High

λ

0.0340

Low

However, there are still many sources of uncertainties not being taken into account
by HyMoLAP (for instance the uncertainties which are related to the inflow process).
This is the reason why the stochastic formulation of this model is preferred such that
the physical system behaviour is described in terms of probabilities. Thus, the lack
of confidence (uncertainty) about the true discharge can be expressed using time dependent probability distributions for the resulting discharge.
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Stochastic formulation of HyMoLAP

In the majority of cases, hydrological systems can be described by a deterministic
model, but this kind of model does not represent the system in a truly ideal way.
In a hydrological system, as in almost all other natural systems as well, fluctuations
are present and are caused by the chaotic nature of the system. As a consequence,
these fluctuations do not allow for purely deterministic descriptions. Therefore, it is
impossible to model or predict a certain outcome with complete certainty and it is
necessary to provide a probability associated to all outcomes as a measure of accuracy
of the model. For this reason, the stochastic formulation of HyMoLAP is derived and
it has its foundation in the SDE, which has already been applied successfully in a wide
range of hydrological applications.
In practice, the knowledge of the functions ψ and Y that define equations (4.9) and
(4.10) are subject to different types of uncertainty:
• The first class of uncertainty is related to our imperfect knowledge of the physical
phenomenon. Indeed, a complete description of the physical environment is the
one that takes into account the evolution of the parameters at the lowest level
possible. Such a description is out of reach in the case of a natural catchment
(Afouda, 1985). Therefore, due to its structure, the lumped model that is adopted
for the description of the elements of the system is a source of uncertainty.
• Another class of uncertainty is related to the quantitative evaluation of the
parameters of the environment (especially rainfall). This is done with the help of
a measuring instrument whose accuracy is necessarily limited. A difficulty in the
appreciation of the measurement error is that each given realization of a natural
phenomenon is a unique event. Thus, the compensation of errors by repeated
measures is impossible. In addition, the installation of a measuring instrument
constitutes a disturbance of the natural environment under study (Afouda, 1985).
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The effects of such disturbance on the parameter to be measured are often not well
known.
These forms of uncertainty can therefore be included in the structure of the model.
One can write ψ(q, t) and Y (Q, ψ, λ) define in equations (4.9) and (4.10) as a random
function that can be viewed as the sum of mean and a stochastic noise term
ψ(q, t) = ψ(q, t) + G1 (q, t)εψ (t)

(5.1)

Y (Q, ψ, λ) = Y (Q, ψ, λ) + G2 (Q, t)εY (t)

(5.2)

h

where Y (Q, ψ, λ) = E − µλ Q2µ−1 + ψ(q, t)

i

and ψ(q, t) are respectively the mean

of Y (Q, ψ, λ) and ψ(q, t); G1 (q, t) and G2 (Q, t) stand respectively for the standard
deviation of ψ(q, t) and Y (Q, ψ, λ).
Under these conditions, εψ and εY are considered to be the result of the superposition
of a large number of physical phenomena and each of them has a random evolution.
So, whatever the distribution law of these individual phenomena, the application of
the central limit theorem leads to the conclusion that [εψ , t ∈ T ] and [εY , t ∈ T ] can
be considered as Gaussian white noises. It can be seen from equations (5.1) and (5.2)
that the stochastic character of the description of the natural dynamic system under
study will be related to the mathematical properties of Gaussian white noise. Let us
now investigate the transformation of stochastic processes with HyMoLAP in order to
better capture the multiple sources and types of uncertainty in rainfall - runoff modelling.
The main assumption is that hydrological systems are non - linear dynamical systems
which can be described by SDE. The deterministic equations (4.9) and (4.10) can be
transformed into a stochastic differential equation. To this end, it is appropriate to
model the stochastic parts as a Gaussian white noise process with zero mean and delta
correlated structure, described by
E[ε(t).ε(s)] = M (t)δ(t − s)

(5.3)
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Here M (t) is the variance of the Gaussian white noise process; δ(t − s) is the Dirac delta
function and E[•] describes mathematical expectation. The Gaussian white noise is not
Riemann - integrable. However, it can be formally defined from the Wiener process such
that dW (t) = ε(t)dt. Therefore, the stochastic formulation of equations (4.9) and (4.10)
reads
dZ = ψ(q, t)dt + G1 (q, t)dW1 (t)

(5.4)

dQ = Y (Q, ψ, λ)dt + G2 (Q, t)dW2 (t)

(5.5)

The system equations (5.4) and (5.5) can then be written in the vectorial form (Afouda
et al., 2004; Alamou, 2011)
dU (t) = f (U, t)dt + G(U, t)dW (t)

(5.6)

One can, without lost of generality, write Y (q, t) = −A(Z, t)Z and the following vectorial
notations can be derived



U =




Z 
Q

;G



=


G1
0



0 
G2

 ; dW



=




dW1 (t) 
dW2 (t)

 ; f (U, t)



=

A



0

A − µλ Q2(µ−1)







Z 

.
Q
(5.7)

In equation (5.6), f : R2 × R+ → R2 and G: R2 × R+ → R2 are measurable functions,
W (t) is a Wiener - Levy process.
The solution of the SDE (5.6) is a Markov diffusion process. The main feature of
Markov processes is that their future behaviour depends only on the present state, or in
other words, the correlation time of Markov processes equals zero. Subsequently, U (t) is
fully determined if the joint probability density function of the random variable U (t) is
defined for all finite sets of t. This is, however, a very ambitious goal, which is difficult to
achieve in most cases. In practice, it is satisfactory if a limited number of moments of the
solution process are derived. This can be achieved by the method of moment equations
which relies on deriving effective equations for the statistical moments.
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For this purpose, we shall now concentrate on the output as derived from the scalar form
of equation (5.6)
dQ(t) = f (Q, t)dt + G(Q, t)dW (t)

(5.8)

Following Ito’s lemma, if φ(Q, t) is a real scalar function of the solution process that is
continuously differentiable in time t and that has continuous second partial derivative
with respect to Q, then the stochastic differential of φ can be written as follows:
∂φ
∂φ
∂φ
1
∂ 2φ
dφ =
+ Y (Q, ψ, λ)
+ M (t)G2 (Q, t) 2 dt + G(Q, t)
dW (t)
∂t
∂Q 2
∂Q
∂Q
#

"

(5.9)

Taking the expectation on both sides of equation (5.9) yields
d
∂φ
∂φ
1
∂ 2φ
E[φ] = E
+ Y (Q, ψ, λ)
+ M (t)G2 (Q, t) 2
dt
∂t
∂Q 2
∂Q
"

h

#

(5.10)

i

∂φ
since E G(Q, t) ∂Q
dW (t) = 0.

Now, if φ = Qn , E[φ] = E[Qn ] is the nth moment, equations for the moments can be
defined as follows:
1
dE[Qn ]
= E Y (Q, ψ, λ)nQn−1 + n(n − 1)G2 (Q, t)M (t)Qn−2
dt
2




(5.11)

From equation (5.11) the low - order moments, i.e., the mean and variance of the output
discharge can be evaluated with HyMoLAP. Thus, the equation of the first moment can
be obtained from equation (5.11) by setting n = 1.
dE[Q]
µ b 2µ−1 b
+ ψ(q, t) = f (Q, t)
= E[Y (Q, ψ, λ)] = − Q
dt
λ

(5.12)

where (•b) = E[(•)] denotes the mathematical expectation.
The second moment can be derived in the same way by taking n = 2
dE[Q2 ]
b 2 (t).
= E[2Y (Q, ψ, λ)Q] + M (t)G
dt

(5.13)
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Equation (5.12) can be combined with equation (5.13) to get the evolution of the variance
in the form
i
h
i
d h
b2
d −Q
b Yb + M (t)G
b 2 (t)
E[Q2 ] − Q
= 2 QY
dt
d
2µ \
d −Q
b + M (t)G
bQ
b 2µ ] + 2[Qψ
b ψ]
b2
2µ−1 − Q
[V ar(Q)] = − [Q
dt
λ

(5.14)
(5.15)

The stochastic dynamical system can thus be described by the dynamics of the moment
(i.e. the dynamics for the mean and the variance). Equations (5.12) and (5.15) give
respectively the evolution of the mean and the evolution of the spread around the
mean for the river discharge. These equations can be used in the process of decision
making for planning purposes. Equation (5.15) exhibits the structure of uncertainty.
The total variance of the output is shown to have explicitly three components. The first
component on the right hand side of equation (5.15) is equivalent to the usual results
given by the standard statistical theory; the second and third terms are specific to the
SDE properties. The second term reflects the influence of the dynamical structure of
the model and the third term is explicitly part of the variance due to the choice of the
random noise.
To better understand the importance of each component of the total variance
associated with the evolution of the spread given by equation (5.15), one can estimate
the proportion of the total variance that is attributable to each of these components
over the investigated sub - catchments. The results are given in Table 5.4. It can be seen
from this table that the first component, which is equivalent to the usual results given by
the standard statistical theory, constitutes the main contribution to the total variance
of the output. Its contribution to the total variance is between 78% and 85%, while
both the second and third terms represent between 15% and 22% of the total variance.
This proportion of the total variance that is attributable to both the second and third
terms is the expected loss of precision when using the standard statistical theory over
the investigated sub - catchments.
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Table 5.4: Proportion of the total variance of discharge explained by each component over
the investigated sub - catchments.

Proportion of each component (%)
Sub - catchments

1st component

2nd component

3rd component

Beterou

78.04

14.64

7.32

Savè

84.33

11.27

4.40

Bonou

83.78

10.62

5.60

Therefore, it can be concluded that not only the choice of the model for the dynamical
structure of the river basin is important, but also investigation of the stochastic
properties of the random component of rainfall must be carefully carried out. The
stochastic formulation of HyMoLAP in terms of SDE allowed to better take into account
the dynamics of the process and also to explicitly show the proportion of the total
variance of the output discharge that is attributable to each source of uncertainties in
the rainfall - runoff modelling.

Chapter 6

Tracking uncertainties

The inflow process representing all irregular variations of hydrometeorological
processes is considered as a sum of deterministic and random components which
embraces data uncertainties (e.g. measurement), sample uncertainties (e.g. number of
data) and uncertainties of the event. As suggested by equation (5.15), the stochastic
properties of the random component must be investigated in order to have more precise
idea about the uncertainty associated with the model. This chapter will therefore
investigate the properties of the random component of rainfall over the Ouémé river basin
and it analyzes the triple relationship between the driving process, the corresponding
SDE which describes the river basin and the associated FPE. It also investigates the
stationary solution, the fundamental solution, as well as some approximate solutions
of the Fokker Planck equation for the derivation of the time dependent probability
distribution of river discharge that is useful to better understand the dynamics of the
discharge.

6.1

Assessment of the stochastic properties of the
random component

The observed rainfall data that are often used for catchment studies are not areal
rainfall because rainfall cannot be quantitatively measured in space with sufficient
precision for catchment modelling. Usually, rainfall is only observed at some stations
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(point rainfall), located either inside or outside the study catchment. A lot of
uncertainties due to measurement errors, spatial and temporal variability are therefore
to address in hydrological modelling. In this vein, the development of integrated water
resources management (IWRM) in the context of climate change and variability has
created the need for an extension of mathematical analysis of hydrometeorological data.
An awareness of the stochastic structure of the hydrological processes is necessary for
modelling water resources systems. The widely accepted assumption about a structure
of an inflow process is that it can be considered as a sum of deterministic and
random components which embraces data uncertainties (e.g. measurement) and sample
uncertainties (e.g. number of data). The random component, εt , of rainfall can be derived
as follows
εt =

qt − q
σq

(6.1)

where qt is the active rainfall depth of day t, q and σq represent respectively the mean
and the standard deviation of the time series for the considered time period.
In numerous engineering studies, natural environmental noises are defined as white
noise. However, with the increasing climate variability, such assumption may not be
true everywhere. In fact, for the random component of rainfall to be a white noise, the
following conditions must be verified:
a) E[εt ] = 0,
b) εt is Gaussian,
c) εt has independent increments
Investigation of the properties of the random component of rainfall is conducted, through
the implementation of some statistical tests, before their introduction into the model.
To this end, random component for the time period (1961 - 2010) is calculated.
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Statistical significance test for the random component
mean

The validity of the assumption that the random component {εt } has zero mean is
investigated. For this purpose a statistic, η(ε), is defined as:
η(ε) =

ε
√
σ/ n

(6.2)

where n is the number of observations; ε̄ is the estimate of the random component mean;
and σ is the estimate of the random component standard deviation. The statistic, η(ε), is
approximately distributed as t(α, n−1), where α is the confidence level at which the test
is being carried out (Mujumdar and Nagesh, 1990). If the value of η(ε) ≤ t(α, n−1), then
the mean of the random component is not significantly different from zero. Table 6.1
gives the values of the statistic, η(ε), and t(α, n − 1) for the random component for
the investigated sub - catchments. At the 95% confidence level, it is observed that the
random component passes the test leading to the conclusion that the random component
mean value is not statistically different from zero (E[ε] = 0).
Table 6.1: Test results for significance of the random component mean

6.1.2

Sub - catchments

η(ε)

t(0.95, n − 1)

Beterou

0.0010

1.645

Savè

0.0021

1.645

Bonou

0.0015

1.645

Normal probability plot of the random component

The normal probability plot is a graphical tool for comparing a data set with the
normal distribution. A random variable X is said to be normally distributed with mean
ν and variance σ 2 if its probability distribution function (PDF) is
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f (x) =

1
1
exp − 2 (x − ν)2 ,
2
1/2
(2πσ )
2σ




−∞ < x < ∞.
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(6.3)

The Normal or Gaussian distribution of X is usually represented by
X ∼ N (ν, σ 2 )

(6.4)

X ∼ N (x − ν, σ 2 ).

(6.5)

or also,

The Gaussian PDF, N (ν, σ 2 ), is completely characterized by the two parameters ν and
σ 2 . These first and second order moments can be obtained from the PDF as
ν = E[X] =

Z ∞

σ 2 = E[(X − ν)2 ] =

−∞
Z ∞

xf (x)dx

(6.6)

(x − ν)2 f (x)dx

(6.7)

−∞

The fact that (6.3) is completely characterized by two parameters, the first and
second order moments of the PDF, renders its use very common in characterizing the
uncertainty in various domains of application.
The random component of rainfall is now checked for these Gaussian properties using
the normal probability plot (Chantarangsi et al., 2014). If the series follow a normal
distribution, the data will fall within the 95% confidence interval. The results of the
Gaussian test for the distribution of the random component is shown by the normal
probability plot (Figure 6.1). All the data fall within the confidence interval. Therefore
the data follow a normal distribution.

6.1.3

Process with independent increments

The process εt is said to have independent increments if
εt0 ,

εt1 − εt0 ,

εt2 − εt1 ,

...,

εtk − εtk−1 are independent variables,
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where t0 is the initial time and t1 , t2 , . . . , tk are any times with t0 < t1 < . . . < tk
(Liu, 2008). The independence of the increments for the random component of rainfall is
investigated. To this end, the autocorrelation function (ACF) and partial autocorrelation
function (PACF) of the series of increments of the random component are computed for
a maximum lag of 20 and a confidence level of 95% based on the sample size n.

Figure 6.1: The normal probability plots of the random component of rainfall in Ouémé at
Beterou, Savè and Bonou sub - catchments.

√
Two horizontal lines (blue lines) are superimposed at ±1.96/ n. These intervals give
the acceptance region for testing the null hypothesis H0 : ρ(k) = 0 at 5% significance
level. They allow us to judge whether a particular ρ(k) is statistically different from zero.
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The sample autocorrelation at lag k is defined as:
ρk =

Pn−k
t=1

(εt − ε)(εt+k − ε)
2
t=1 (εt − ε)

Pn

(6.8)

Figure 6.2 shows the ACF and PACF plots for the series of increments of the random
component of rainfall. It can be seen from this figure that the ACF and the PACF, for
all investigated sub - catchments, do not display any significant correlations. This is an
indication that the random component of rainfall has independent increments over the
investigated sub - catchments.
Now, to go more in depth in the assessment of the stochastic properties of the random
component of rainfall, the autoregressive moving average (ARMA) model is used.

6.2

Modelling the random component with ARMA
model

Autoregressive - moving average (ARMA) processes are often used for modelling
stationary time series. The models belonging to the ARMA family may be written as:
ε(t) =

p
X
i=1

αi ε(t − i) +

r
X

βi w(t − i) + w(t)

(6.9)

i=1

where {ε(t), t = 1, 2, . . .} is the random component being modelled; p is the number of
AR parameters; αi is the ith AR parameter; r is the number of MA parameters; βi is the
ith MA parameter. The important assumption involved in such models is that {wt } is a
sequence of white noise with zero mean and variance σ 2 . The Box and Jenkins (1976)
three - stage standard modelling procedure: identification, estimation and diagnostic
checking were used to develop time series models.
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(b) Ouémé at Savè

(c) Ouémé at Bonou
Figure 6.2: Autocorrelation Function (ACF) and Partial Autocorrelation Function (PACF)
for the series of increments of the random component of rainfall for Ouémé at Beterou, Savè
and Bonou catchments. The horizontal lines give the threshold above which the correlation is
significant at the level α = 0.05.

6.2.1

Model identification

The first step is model identification. Identification of model consists of specifying
the appropriate structure (AR, MA or ARMA) and order of model. Models can also
be identified by looking at the plots of the autocorrelation function (ACF) and partial
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No
Estimation
of model
parameters

Model
identification

Is the model
appropriate?
Diagnostic
checking

Yes
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Figure 6.3: Outline of Box-Jenkins methodology

autocorrelation function (PACF). Thus making sure that the variables are stationary
and using plots of the ACF and PACF of the dependent time series to decide which
(if any) autoregressive or moving average component should be used in the model (Box
and Jenkins, 1970). A visual inspection of the ACF graphs (Figure 6.4) shows that the
autocorrelations of the random component diminish fairly quickly. Therefore, these series
are relatively stationary.

Figure 6.4: Autocorrelation function of the random component of rainfall.

Modelling the random component with ARMA model

86

The ACF (Figure 6.4) and the PACF (Figure 6.5) show both one significant value
at lag 1.

Figure 6.5: Partial autocorrelation function of the random component of rainfall.

From these observations, it was appropriate to try the ARMA (1, 1) model. However,
for a better selection, the following models are investigated: ARMA (1, 1), ARMA (1,
2), ARMA (2, 1) and ARMA (2, 2) as they are mostly used in hydrology (Bacanli 2012).

6.2.2

Estimation of ARMA models

The second step is to estimate the parameters of the model: Coefficients of the
models can be estimated by maximum likelihood estimation or non - linear least squares estimation methods. Estimation of parameters of MA and ARMA models usually
requires a more complicated iteration procedure (Box and Jenkins, 1970; Chatfield,
2004). In the present study, maximum likelihood estimation (MLE) is used to determine
the efficient parameters. The MLE technique generally shows less bias and provides
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a more consistent approach to parameter estimation problems. Table 6.2 gives the
estimated parameters for the selected models to represent the random component.
Table 6.2: Maximum Likelihood estimated Parameters of the tested ARMA models used to
assess stochastic properties of the random component of rainfall for the investigated sub catchments.

ARMA models

Parameters

Site
α1
Ouémé at Beterou

Ouémé at Savè

Ouémé at Bonou

6.2.3

α2

β1

ARMA(1, 1)

0.0170

0.5271

ARMA(1, 2)

0.7930

-0.2916

ARMA(2, 1)

-0.0726

0.1310

0.6338

ARMA(2, 2)

0.4796

0.2601

0.0225

ARMA(1, 1)

0.1905

0.4681

ARMA(1, 2)

0.8133

-0.2269

ARMA(2, 1)

0.1966

0.0636

0.4755

ARMA(2, 2)

0.6697

0.1093

-0.0665

ARMA(1, 1)

-0.0567

0.5568

ARMA(1, 2)

0.7961

-0.3517

ARMA(2, 1)

-0.1816

0.1255

0.6932

ARMA(2, 2)

0.4884

0.3034

-0.0500

β2
-0.3520
-0.4437
-0.3962
-0.3645
-0.3351
-0.5310

Model selection criteria

It is possible to identify an ARMA model by using formal model selection criteria.
The most widely used criteria are the Akaike information criterion (AIC), the Bayesian
(Schwarz) information criterion (BIC or SIC) and the minimum residual variance V ar(e).
The best model is the one having the lowest AIC, BIC and V ar(e). The results of the
tested ARMA models using the goodness - of - fit criteria are summarized in Table 6.3.
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These results show that the best fitted model is ARMA (1, 1) model and confirm the
findings about the use of ACF and PACF.
Table 6.3: Criteria of the ARMA models tested in assessing stochastic properties of the
random component for the investigated sub - catchments.

ARMA models

Criteria

Site

Ouémé at Beterou

Ouémé at Savè

Ouémé at Bonou

6.2.4

AIC

BIC

V ar(e)

ARMA(1, 1)

134.0002

137.9027

1.6192

ARMA(1, 2)

135.9176

141.7713

1.7679

ARMA(2, 1)

135.8936

139.7473

2.4249

ARMA(2, 2)

135.5522

143.3572

2.0992

ARMA(1, 1)

128.3026

132.2051

1.1814

ARMA(1, 2)

129.5109

135.3647

1.8046

ARMA(2, 1)

128.5602

134.4140

1.5464

ARMA(2, 2)

130.8310

138.6359

1.7237

ARMA(1, 1)

135.9046

139.8071

1.4727

ARMA(1, 2)

137.6411

143.4948

1.7155

ARMA(2, 1)

136.1203

141.9740

1.7743

ARMA(2, 2)

137.2107

145.0156

2.5734

Diagnostic checking of the residuals

The last step is model checking. The difference between the criteria does not seem
important. A diagnostic checking is therefore conducted for all investigated models
through careful analysis of residuals. Let {et } be the sequence of residuals given by
et = εt − ε̂t

(6.10)

where ε̂t are the fitted values.
The basic assumption is that the residual series {et }, is a white noise (or that the
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series is uncorrelated). The selected models are validated by testing residuals for the
significance of correlations. The results of the diagnostic checking revealed that ARMA
(1, 1) model is effectively the best model and is therefore adequate for modelling the
random component of rainfall in the investigated sub - catchments. Indeed, a visual
inspection of Figure 6.6 shows that the ACF and the PACF for the residuals series do
not display any significant correlations.
In short, all the diagnostic checking conducted above show that the residuals series
{et } can be treated as white noise. Thus, ARMA (1, 1) model selected so far is adequate
for modelling the random component in the investigated sub - catchments and confirms
therefore the stochastic nature of the rainfall. These stochastic properties are based
on the theory of stochastic differential equations and are used in the modelling of
hydrological phenomena.
However, for practical applications, Gaussian white noise was chosen to be an acceptable
approximation to the random component of rainfall over the Ouémé river basin. In such
a case, the formulation of the mean and the correlation function is sufficient to define
the stochastic process. We further assume that this random component is also delta correlated
hε(t).ε(t0 )i = M (t)δ(t − t0 )

(6.11)

and fulfills the condition that P (ε(0) = 0) = 1. It can also be represented as the time
derivative (in the sense of generalized function) of a stationary process with independent
increments on non - overlapping intervals. Gaussian white noise is commonly used in
stochastic hydrology due to their simplicity and existing relationship to real processes.
This process, i.e. Gaussian white noise, plays the role of the basic driving process of
the SDE which describes the river basin. For this reason, white noise approach has
been used to deepen our understanding of the triple relationship between the random
component of the input rainfall, the corresponding Ito stochastic differential equation
and the associated Fokker - Planck equation describing the probability distribution of
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the output discharge.

Figure 6.6: ACF and PACF plots with 95% confidence bands for the residuals series for the
investigated sub - catchments.

Triple relationship between the driving process, the corresponding SDE and the
associated FPE

6.3
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Triple relationship between the driving process,
the corresponding SDE and the associated FPE

Traditional approach for assessing the probability of the outflow of a given frequency
has been to pick a storm pattern, choose a runoff model and set the parameters with
the best available estimate. One of the most important advantages of the SDE is the
associated Fokker - Planck equation (FPE) which allows one to directly derive the time
varying probabilities associated with the outflow.
Since, the white noise process and the associated Brownian motion appear to be an
acceptable approximation to the random component of rainfall over the investigated sub
- catchments, one can write equation (5.6) in the form
dQ = f (Q, t)dt + G(Q, t)dW

(6.12)

b
b 2µ−1 + ψ(q,
where f (Q, t) = − µλ Q
t). In this case, the discharge Q(t) is a Markov process,

and therefore the distribution function of discharge, P (Q, t), must obey equation (6.13)
P (Q, t + ∆t) =

Z

P (Q0 , t)f (Q, ∆t|Q0 )dQ0

(6.13)

where ∆t  τc ; τc stands for the correlation time of ε(t). From equation (6.13) a
partial differential equation for P (Q, t) can be derived as the Kramers - Moyal expansion
(Risken, 1989)
∞
X
∂P
(−1)n ∂ n
=
(Ln P )
∂t
n! ∂Qn
n=1

(6.14)

where Ln are the moments of Q. Formally, equation (6.14) suggests that one may break
off after a suitable number of terms. The following two theorems strongly suggest where
to truncate:
Theorem 3. If the Kramers - Moyal expansion is truncated at n = 2, then an initial
distribution P (Q, 0) > 0 implies that P (Q, t) > 0 for all t > 0.

Basic properties of the FPE

92

Theorem 4. (Pawula’ s theorem)
If the Kramers - Moyal expansion is truncated at any n > 2, then the solution Pn (Q, t)
takes on negative values for some t > 0.
Let us consider the situation where, for n > 2, Ln is identically zero or negligible
(Risken, 1989). Thus, for the Ito SDE (6.12), the Kramers - Moyal expansion becomes
the Fokker - Planck equation (6.15)
∂P
∂
1 ∂2
=−
(L1 P ) +
(L2 P )
∂t
∂Q
2 ∂Q2

(6.15)

where L1 = f (Q, t) and L2 = 2G2 (Q, t) stand respectively for the mean and the variance
and these moments can be derived from equations (5.12) and (5.15). The following
theorem clarifies the interpretation of the FPE
Theorem 5. Q(t) is a Markov process with continuous sample paths if and only if
Ln = 0 for n > 2.
Thus, every continuous Markov process is described by a Fokker - Planck equation
and every Fokker - Planck equation describes a continuous Markov process. The FPE is a
general probabilistic approach to describe the dynamics of various stochastic systems. It
models the time evolution of the probability distribution in a system under uncertainty.
It will be therefore interesting to recall the basic properties of the FPE (6.15).

6.4

Basic properties of the FPE

6.4.1

The FPE as a conservation law

In essence, the FPE is a conservation law expressing the fact that PDF cannot be
created or destroyed. Equation (6.15) corresponds to
∂P (Q, t)
∂
∂2
=−
(f P (Q, t)) +
(G2 P (Q, t))
∂t
∂Q
∂Q2

(6.16)
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Equation (6.16) can be written in the form of continuity equation
∂P
∂J
+
=0
∂t
∂Q

(6.17)

where we have defined the probability current
J = −f P +

∂
(G2 P ).
∂Q

(6.18)

The evolution of the solution of the FPE is thus described by the hydrodynamic image
of a continuous flow in discharge space. The corresponding current is the sum of the
convection current, −f P , and the diffusion current,

6.4.2

∂
(G2 P ).
∂Q

Existence and uniqueness of solutions for the FPE

Let us consider the time - homogeneous diffusion processes on Rd , for which the drift
and diffusion coefficients do not depend on time. The FPE is
d
d
X
X
∂P
∂
∂2
=−
(fi (Q)P ) +
(G2ij (Q)P )
∂t
∂Q
∂Q
∂Q
j
i
j
j=1
i,j=1

t > 0, Q ∈ Rd ,

P (Q, 0) = P0 (Q)

(6.19)
(6.20)

Since P0 (Q) is the probability distribution of the initial condition (which is random
variable), one has
P0 (Q) ≥ 0,

and

Z
Rd

P0 (Q)dQ = 1.

(6.21)

One can also write the above FPE (6.19) in non - divergence form:
d
d
X
X
∂P
∂P
∂ 2P
=
f˜j (Q)
+
G̃2 ij (Q)
+ h̃(Q)v,
∂t
∂Qj i,j=1
∂Qi ∂Qj
j=1

where
f˜i (Q) = −fi (Q) +

∂G2ij
,
j=1 ∂Qj
d
X

h̃i (Q) =

(6.22)

d
X
∂ 2 G2ij
∂fi
−
i,j=1 ∂Qi ∂Qj
i=1 ∂Qi
d
X

One can assume the uniform ellipticity condition:
d
X
i,j=1

G2ij (Q)ξi ξj ≥ α||ξ||2 ,

∀ξ ∈ Rd

(6.23)
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Furthermore, one can also assume that the coefficients f˜, G2 , h̃ are smooth and they
satisfy the growth conditions.
||G2 (Q)|| ≤ N, ||f˜(Q)|| ≤ N (1 + ||Q||), ||h̃(Q)|| ≤ N (1 + ||Q||2 ).

(6.24)

Definition 6. We will call a solution to the Cauchy problem for the FPE (6.22), a
classical solution if :
i. v ∈ C 2,1 (Rd , R+ ).
ii. ∀ T > 0 there exist a c > 0 such that
||v(t, Q)||L∞(0,T ) ≤ ceα||Q||

2

(6.25)

iii. limt→0 v(t, Q) = P0 (Q).
Theorem 6. Assume that conditions (6.23) and (6.24) are satisfied, and assume that
|P0 | ≤ ceα||Q|| . Then there exist a unique classical solution to the Cauchy problem for
2

the FPE. Furthermore, there exist positive constants K, δ so that
2

(−n+2)/2

|P |, |Pt |, ||∇P ||, ||D || ≤ Kt

6.4.3

1
exp − δ||Q||2
2t




(6.26)

Boundary conditions for the FPE

To properly complete the formulation of a Cauchy - Dirichlet problem we must
provide not only an initial probability density, but also define the boundary conditions
according to the essence of the task. There are two kinds of boundary conditions that
are widely applied: absorbing and reflecting boundaries (Pankratov, 1999).
Consider the Fokker - Planck equation posed in Ω ⊂ R where Ω is a bounded domain
with smooth boundary. Let J denote the probability current and let n be the unit
outward pointing normal vector to the surface. Then,
• the transition probability distribution vanishes on an absorbing boundary:
P (Q, t) = 0,

on ∂Ω
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• there is no net flow of probability on a reflecting boundary:
n.J(Q, t) = 0,

on ∂Ω.

Let us now consider a diffusion process in one dimension on the interval [0, L]. The
boundary conditions are

6.4.4

P (0, t) = P (L, t) = 0

absorbing

J(0, t) = J(L, t) = 0

reflecting

Stationary state

In general, a system subjected to external noise for sufficiently long time will settle
down to stationary behaviour. Stationary behaviour means that as time goes to infinity
the system will attain a probability distribution P (Q), whose shape does not change any
more with time. The probability to find the system in the neighborhood of a particular
state Q becomes time independent. However, the sample paths Qt (w) will in general
not approach a steady state value Q(w): the state of the system does still fluctuate, it
changes from one instant of time to the other. These fluctuations are however such that
Qt and Qt+τ have the same probability distribution, namely P (Q). In the following, we
shall now determine the stationary probability distribution P (Q) which characterizes
the steady state behaviour of the system under external white noise.
In a stationary state, the probability distribution P is independent of time t. As
a consequence, the probability current J does not depend on Q. Thus, by integrating
equation (6.17) through applying, for instance, the variation of constants method, the
normalized solution is obtained by setting J = 0.
fQ
P (Q) = C. exp − 2
G

!

(6.27)
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where C is a constant. A remarkable feature is that a stationary state is a state that
has no probability current.
According to Annuziato and Borzì (2010), the state of a stochastic process can be
completely characterized in many cases by the shape of its statistical distribution which
is represented by the probability distribution function (PDF). For this reason, the time dependent probability distributions for the resulting discharge are sought in the form of
fundamental and approximate solutions of the associate FPE (6.15). The time dependent
probability distributions defines the probability that Qt takes a value in a particular
subset of Ω at a given time t.

6.5

Fundamental solution of the FPE

We define the fundamental solution as the solution that corresponds to the initial
solution P (Q, t = 0) = δ(Q − Q0 ), in which the initial discharge Q0 is well defined (not
random). For simplicity, one can set µ = 1, γ =

µ
λ

such that f = γQ. To derive the

fundamental solution of the FPE (6.15), let us define the Fourier transform with respect
to Q for the fundamental solution in the form
P (ξ, t) =

Z ∞
−∞

P (Q, t)eiξQ dQ

(6.28)

Since P (ξ, t = 0) = eiξQ0 , then by applying the Fourier transform, the FPE becomes
∂P
∂P (ξ, t)
P (ξ, t) + γξ
= −∆ξ 2 P (ξ, t)
∂t
∂ξ

(6.29)

One can show that the solution (6.27) is of the form
h

P (ξ, t) = Φ ξe−γt

i

G2 ξ 2
exp −
γ 2

!

(6.30)

where Φ is an arbitrary function chosen such that the initial solution P (ξ, t = 0) = eiξQ0
is verified.
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Φ(ξ) = e

iξQ0

G2 ξ 2
exp −
γ 2

!

(6.31)

Thus, equation (6.30) yields


P (ξ, t) = exp iξe

−γt

Q0



!
i
G2 ξ 2 h
−2γt
exp −
1−e
γ 2

(6.32)

Applying the inverse Fourier transform to equation (6.32), the fundamental solution of
the FPE is given by equation (6.33)
1
P (Q, t) = √
2π

r

γ
1
γ (Q − Q0 e−γt )2
√
exp
−
G2 1 − e−2γt
2G2 (1 − e−2γt )
"

#

(6.33)

For t → ∞, the fundamental solution tends to the stationary distribution
1
P (Q) = √
2π

r

γ
γ 2
exp
−
Q
G2
2G2




(6.34)

Basically, at each time t, the fundamental distribution is Gaussian with mean
Q̂ =

µ b 2µ−1 b
− Q
+ ψ dt
λ

Z 



and variance
σ 2 (Q, t) =

Z 

−

2µ \
d −Q
b + M (t)G
bQ
b 2µ ] + 2[Qψ
b ψ]
b2
[Q2µ−1 − Q
λ



These moments, i.e., the mean and the variance, can be derived from equations (5.12)
and (5.15). The above result (6.33) can be applied to predict the distribution of
discharge, at each time t, in ungauged basins.
Using data from the investigated sub - catchments, the standardized variables u
of the average daily discharge Q for the time period 1961 - 2010 are derived and the
time - dependent probability distributions P (u, t) are plotted in Figures 6.7, 6.8 and 6.9
for different times. It can be seen from these figures that, at each time, the profile is
symmetric about the expected value of the standardized discharge in all the investigated
sub - catchments. It is also observed that the distribution becomes narrower with time.
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Figure 6.7: Fundamental distribution P (u, t) of the standardized daily discharge u for the
Beterou catchment, Ouémé river for the time period 1961 - 2010. The colors toward the blue
end of the color map indicate low probability and the colors at the red end of the color map
indicate high probability.

Figure 6.8: Fundamental distribution P (u, t) of the standardized daily discharge u for the
Savè catchment, Ouémé river for the time period 1961 - 2010.
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Figure 6.9: Fundamental distribution P (u, t) of the standardized daily discharge u for the
Bonou catchment, Ouémé river for the time period 1961 - 2010.

Now, the approximate solutions of the FPE are sought. Indeed, the FPE does not have
an explicit solution. It can be solved numerically or by approximation. Because extreme
phenomena are analysed using the Generalized Extreme Value (GEV) distribution, one
seeks for approximate solutions that can be closed to the GEV law. Therefore, let us
first give a description of the GEV distribution.

6.6

Generalized Extreme value (GEV) distribution

In probability theory and statistics, the generalized extreme value distribution (GEV)
is a family of continuous probability distributions developed within extreme value theory.
Its importance arises from the fact that it is the limit distribution of the maxima of a
sequence of independent and identically distributed random variables. Because of this,
the GEV is used as an approximation to model the maxima of long (finite) sequences of
random variables. Indeed, let us consider a stationary sequence of independent identically
distributed variables {xi }N
i=1 with a common distribution function. By dividing the entire
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data set in L non - overlapping sub - samples, and taking the maximum from every sub
sample, we will end up with a subset of maxima M1 , M2 , . . . , ML , so called block maxima.
The limit law of this sequence {Mj }j=1 ≡ M (L) is given by the following theorem:
Theorem 7. (Gnedenko, 1943)
If there exist two normalizing constants CL > 0 and dL ∈ R, and a non degenerate
distribution H such that

M (L) − dL d
−→ H,
CL

where the subscript d indicates convergence in distribution, then H belongs to one of the
following extreme value distribution:
• Gumbel distribution
(

"

x−b
G(x) = exp − exp −
a

!#)

(6.35)

• Frechet distribution

G(x) =




0,

x≤b

n 
α o


exp − x−b
,

x>b

a

(6.36)

• Weibull distribution

n h 
α io


exp − − x−b
,

G(x) = 

1,

a

x<b

(6.37)

x≥b

Based on the previous theorem, the distributions can be classified into three
categories: Gumbel (Extreme Value Type I), Frechet (Extreme Value Type II) and
Weibull distributions (Extreme Value Type III). The parameters of the distributions,
a, b and α, are respectively the scale, the location and the shape. The GEV provides a
unified formula for the previous three limiting distributions (Weisman, 1978)
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(

x−ν
G(x) = exp − 1 + K
σ


The range of x is such that 1 + K





x−ν
σ
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−1/k )

,

k 6= 0

(6.38)

> 0. The location, scale and shape of the

distribution are controlled by the parameters ν, σ and K respectively.
The location parameter describes the shift of a distribution in a given direction on
the horizontal axis. The scale parameter describes how spread out the distribution is,
and defines where the bulk of the distribution lies. As the scale parameter increases, the
distribution will become more spread out. The third parameter in the GEV family is the
shape parameter, which strictly affects the shape of the distribution, and governs the
tail of each distribution. The shape parameter is derived from skewness, as it represents
where the majority of the data lies, which creates the tail(s) of the distribution. The
shape parameter is of particular importance as its value defines the GEV distribution
to be of Type I, Type II or Type III (Table 6.4).
Table 6.4: Properties of the GEV distribution Types I, II and III

GEV distribution

Name

Type

Shape

Lower

Upper

factor

Bound

Bound

I

Gumbel distribution

K=0

None

None

II

Frechet familiy

K<0

σ/K + ν

None

III

Weibull family

K>0

None

σ/K + ν

The Frechet domain of attraction coincides with the class of heavy - tailed
distributions; the examples are Pareto, Cauchy, Student’s t and mixture distributions.
The Weibull domain of attraction includes light - tailed distributions with the finite
right endpoint, such as the beta and the uniform distributions. And the Gumbel domain
of attraction contains a great variety of distributions ranging from moderately heavy tailed to light - tailed, for instance the normal, exponential, gamma and log - normal
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distribution.
We now investigate some approximation methods for solving the FPE.

6.7
6.7.1

Approximation methods for solving the FPE
The basic idea in the choice of the approximation method

The basic idea is to seek an approximate solution of the partial derivative equation
that describes the evolution of the probability distribution function
∂P (Q, t)
= L[P (Q, t)]
∂t
where
L[•] = −

(6.39)

∂
∂2
[f (Q, t)•] +
[G(Q, t)2 •].
2
∂Q
∂Q

The usual approach, in this case, is based on the weighted residuals methods such as
the least square method or the Galerkin method. Let us consider an Hilbert space of
square integrable function over the interval [a, b] constituted by the variable Q. One
wishes to approximate P (Q, t) by a function Pr (Q, t), which is a linear combination of
basis functions chosen from a linearly independent set.
P (Q, t) ' Pr (Q, t) =

n
X

ak (t)Φk (Q)

(6.40)

k=1

where Φk (Q) is a set of linearly independent basis functions and ak (t) are solutions of
an ordinary differential equation system. Now, when substituted Pr (Q, t) into the FPE,
the result of this operation is not, in general, P (Q, t). Hence, an error or residual will
exist:
r (Pr (Q, t)) =

∂Pr
− L[Pr ]
∂t

(6.41)

These residuals are the degree of measure at which the function Pr (Q, t) satisfies the
FPE and the associated initial conditions. If the functions Φk are chosen suitably, then
one can notice that the residual values decrease when the number of the functions Φk
increases. In the ideal case where P (Q, t) = Pr (Q, t), the residual, r(Pr ), must be equal
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to zero. The approach, in the weighted residual method, is to force the residuals to zero
in some average sense over the interval [a b]. That is
Z b
a

r(Pr (Q))wk dQ = 0,

k = 1, 2, . . . , n

(6.42)

where the number of weight functions, wk , is exactly equal to the number of unknown
constants ak in Pr (Q).
In Galerkin method, the weighted functions coincide with the functions Φk (Q).
Therefore, the Galerkin method can be interpreted as an orthogonalization method with
respect to all elements of Φk . In case of least square methods, the weighted functions
are chosen equal to ∂r/∂ak . Thus, one needs to calculate:
min

Z b

(6.43)

r2 dQ

a

This approach gives the method to determine all the ak and will yield an optimal
approximation. It means that one has to minimize the inner product
hr, ri =

Z b
a

∂Pr
− L[Pr ]
∂t

!2

dQ

(6.44)

By considering equations (6.40) and (6.44), it can be seen that when the functions Φk (Q)
do not form an orthogonal basis, this approach will lead to the inverse of the square n×n
matrix to determine the coefficients ak (Afouda, 1985).
We will now give a brief description of the notion of orthogonal polynomials that is
useful for the derivation of the approximate solutions of FPE for understanding the
distribution of river discharge.

6.7.2

Notion of orthogonal polynomials

An orthogonal polynomial sequence is a family of polynomials such that any two
different polynomials in the sequence are orthogonal to each other under some inner
product. The most widely used orthogonal polynomials are the classical orthogonal
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polynomials, consisting of the Hermite polynomials, the Laguerre polynomials, the
Jacobi polynomials together with their special cases, the Gegenbauer polynomials, the
Chebyshev polynomials, and the Legendre polynomials.
Definition 7. (Orthogonal polynomials)
A sequence of polynomials {Φn (x)}∞
n=0 with degree [Φn (x)] = n for each n is called
orthogonal with respect to the weight function w(x) on the interval [a b] with a < b if
Z b
a

w(x)Φm (x)Φn (x)dx = hn δmn

with

δmn =




0,

m 6= n



1,

m=n

(6.45)

The weight function w(x) should be continuous and positive on [a b] such that the
moments
µn =

Z b

w(x)xn dx,

a

n = 0, 1, 2, . . .

(6.46)

exist. Then, the integral
hf, gi =

Z b
a

w(x)f (x)g(x)dx

(6.47)

denotes an inner product of the polynomials f and g. The interval [a b] is called the
interval of orthogonality. This interval needs to be finite. Xiu and Karniadakis (2002)
showed that the weighting functions for some orthogonal polynomials are identical to
certain probability functions.
Theorem 8. (Orthogonal polynomials form a basis)
let B be a Hilbert space and P be the vector space of all polynomials with P n ⊂ B. Let
{Φi , i = 0, 1, . . . , n} be a set of polynomials with the properties Φi ∈ P i and (Φi , Φj ) = 0
for i 6= j then,
• The functions {Φi } are linearly independent and
• if ψ ∈ P k is orthogonal to all polynomials in P k−1 then there exists a constant
c 6= 0 such that ψ = cΦk .
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The Hermite polynomials approach

Many studies have shown the use of Hermite polynomial expansion to approximate
the solution of the FPE (Afouda, 1985; Alamou, 2011). Hermite polynomials, Hn (u), are
orthogonal polynomials with respect to the standard Gaussian distribution:
u2
1
θ(u) = √ e− 2
2π

defined over the interval (−∞, +∞)

(6.48)

The Hermite polynomials Hn (u) are defined by
Hn (u) = (−1)n e

u2
2

dn − u2
(e 2 )
dun

(6.49)

Taking u as the standardized variables, that is
u=

Q − E[Q]
,
σQ

(6.50)

where σQ stands for the standard deviation of Q, the Hermite polynomial expansion of
the probability distribution is given in the form
N
X
1 − u2
2
P (u, t) = √ e
Ai Hi+1 (u)
1+
2π
i=1

"

#

(6.51)

where Ai is the ith expansion coefficients expressed in terms of moments, ri , of the
variable u and given by
Ai =

k
X

(−1)j

j=0

ri+1−2j
,
j!(i + 1 − 2j)!2j

Hi+1 is the (i + 1)th Hermite polynomial. k represents the integer part of
A1 = 0
µ3
A2 =
3!
(µ4 − 3)
A3 =
4!
...
etc.

(6.52)
i+1
.
2

Thus,
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Based on the above expressions of the expansion coefficients, the observed values of
discharge are used to make calculations of P (u, t). Figures 6.10, 6.11 and 6.12 show the
first four approximations over the investigated sub - catchments. It can be seen from
these figures that the first order approximation (n = 1) leads to the case where E[u] = 0.
As a result, the equation that describes the evolution of the variable u takes the form
∂P
G2 (u) ∂ 2 P
=−
.
∂t
2 ∂u2

(6.53)

This result can also be predicted from equation (6.16) if one considers that the term
∂
(f P )
∂Q

is equal to zero.

In such case, the distribution of the variable is Gaussian. The succeeding
approximations (n = 2, n = 3 and n = 4) are corrected by their respective coefficients
and the corresponding shape of the solution of the FPE is reproduced.
Clearly, this result shows that for Gaussian PDF, only the diffusion current is
considered, whereas for more complex PDF the convection current can be accounted
for by successive terms of Hermite polynomials. However, in the present study, a new
approximate solution can also be sought by using the Student’ t distribution which
belongs also to the domain of attraction of GEV.
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Figure 6.10: Approximate distribution P(u,t) based on Hermite polynomial expansion up to
fourth order of the standardized daily discharge u for the Beterou catchment, Ouémé river,
for the time period 1961 - 2010. The colors toward the blue end of the color map indicate low
probability and the colors at the red end of the color map indicate high probability.
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Figure 6.11: Approximate distribution P(u,t) based on Hermite polynomial expansion up to
fourth order of the standardized daily discharge u for the Savè catchment, Ouémé river, for
the time period 1961 - 2010. The colors toward the blue end of the color map indicate low
probability and the colors at the red end of the color map indicate high probability.
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Figure 6.12: Approximate distribution P(u,t) based on Hermite polynomial expansion up to
fourth order of the standardized daily discharge u for the Bonou catchment, Ouémé river, for
the time period 1961 - 2010. The colors toward the blue end of the color map indicate low
probability and the colors at the red end of the color map indicate high probability.
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On the orthogonal polynomials associated with student’
t distribution

The formulation using equation (6.51) is only successful if the distribution we are
trying to approximate is close to normal. Unfortunately, many sample data is not
normally distributed like a bell curve, but is close. In such a case the probability
distribution that is more appropriate to use is the Student’ t distribution. Another
motivation to choose the Student’ t distribution is that it is also defined over the interval
(−∞, +∞). Thus, one can write P (Q, t) in the form
P (Q, t) = ζ(Q)

n
X

ak ϕk (Q)

(6.54)

k=0

where ζ(Q) is the base distribution function which is considered herein to be the Student’
t distribution, given by equation (6.55)
Γ( β+1
)
Q2
ζ(Q) = √ 2 β 1 +
β
βπΓ( 2 )

!− β+1
2

(6.55)

in which β is the number of degrees of freedom of the distribution. The term ϕk (Q), in
equation (6.54) denotes the associated orthogonal polynomials.
To obtain the associated orthogonal polynomials, let us recall that the Student’
t distribution is part of the solution of Pearson differential equations. And it is well
known that Pearson’ s distribution leads to orthogonal polynomial systems when taking
derivatives
Υ0 (Q)
b0 + b1 Q
b0 + b1 Q
=
=
2
Υ(Q)
c0 + c1 Q + c2 Q
L(Q)

(6.56)

where b0 , b1 , c0 , c1 , c2 are real constants and L(Q) = c0 + c1 Q + c2 Q2 ; Υ0 is a polynomial
of degree 1. All orthogonal polynomials can be obtained by repeatedly applying the
differential operator as follows (Xiu and Karniadakis, 2002)
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i
1 dk h
k
w(Q)L
(Q)
w(Q) dQk

(6.57)

Theorem 9. (Diaconis and Zabell, 1991)
Assume that a function ψ : [a, b] → R (not necessary positive or integrable) does not
vanish identically in [a, b] and satisfies the differential equation
f 0 (x)
P1 (x)
=
f (x)
P2 (x)
for some polynomials
P1 (x) = a0 + a1 x and P2 (x) = b0 + b1 x + b2 x2 , with |b0 | + |b1 | + |b2 | > 0.
Then, the set {x ∈ [a, b] : f (x) 6= 0} contains some interval of positive length and the
function
hk (x) =

i
1 dk h
k
f
(x)P
(x)
,
2
f (x) dxk

k = 0, 1, 2, . . . , n

(6.58)

is a polynomial
Equation (6.57) is known as the Generalized Rodriguez formula. Xiu and Karniadakis
(2002) also showed that the weighting functions, w(Q), for some orthogonal polynomials
are identical to certain probability functions. This is the reason why this approach uses
the Student’t distribution as the weighing function. From equation (6.57), the well
known Hermite polynomials can be derived by taking L(Q) = 1.
To derive expansion of the Student’t distribution, which is part of the Pearson system,
let us consider the polynomial of degree two, L(Q), as follow
L(Q) = 1 +

Q2
β

(6.59)

Thus, using the above expression of L(Q) in the Generalized Rodriguez formula, one
derives the first five polynomials:
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ϕ0 (Q) = 1
1
1
− 2 Q
β β
!
6
5
3
1 − + 2 Q2 − 1 +
β β
β
!
!
12 47 60
24 45
3
−1 +
− 2 + 3 Q + 3−
+ 2 Q
β
β
β
β
β
!
!
29 284 1135 1365
197 995 1575
4
1−
+ 2 − 3 + 4 Q + −9 +
− 2 + 3 Q2
β
β
β
β
β
β
β
36 105
+ 2
3−
β
β
!

ϕ1 (Q) =
ϕ2 (Q) =
ϕ3 (Q) =
ϕ4 (Q) =
+

It remains now the determination of the constants ak in equation (6.54). This
determination is just like that of the constants in a Fourier series and are given by
1 Z∞
1
ak =
ϕk (Q)P (Q, t)dQ = E [ϕk (Q)] .
k! −∞
k!

(6.60)

Using the standardized variables u of Q, with E[u] = 0, E[u2 ] = 1 and E[uk ] = ηk , one
obtains the following coefficients
a0 = 1
a1 = 0
3
1
a2 =
−
2
β
β
!
12 47 60
1
a3 =
−1 +
− 2 + 3 η3
6
β
β
β
!
#
"
1
29 284 1135 1365
161 890 1575
a4 =
1−
+ 2 − 3 + 4 η4 − 6 +
− 2 + 3
24
β
β
β
β
β
β
β
where ηk is the moment of order k of the standardized variables u. Therefore, the
orthogonal polynomials associated with the Student’ t distribution is given by

Γ( β+1 )
u2
P (u, t) = √ 2 β 1 +
β
βπΓ( 2 )

!− β+1
2

[1 + a2 ϕ2 (u) + a3 ϕ3 (u) + a4 ϕ4 (u) + . . .]

(6.61)
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This equation shows that the leading Student’ t distribution term is corrected by higher
order contribution containing skewness and kurtosis excess.
In the context of approximating the solution of the FPE, the coefficients ak have to
be determined so as to approach the solution of that partial derivative equation. Taking
into account the properties of the derived polynomials, the coefficients ak obey the
optimal criteria defined in Galerkin’s method (Afouda et al., 2004). The time dependent
probability distributions of different orders of this approximation are plotted in Figures
6.13, 6.14 and 6.15. It can be noticed from these figures that the approximations of the
first three orders (k = 0, 1 and 2) reproduce the shape of the Student’ t distribution.
However, the succeeding approximations (k = 3 and k = 4) are corrected by the
coefficients ak and reproduce the shape of the solution of the FPE.
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Figure 6.13: Approximate distribution P(u,t) based on orthogonal polynomials associated
with Student’ t distribution up to order k = 4 of the standardized daily discharge u for the
Beterou catchment, Ouémé river, for the time period 1961 - 2010.
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Figure 6.14: Approximate distribution P(u,t) based on orthogonal polynomials associated
with Student’ t distribution up to order k = 4 of the standardized daily discharge u for the
Savè catchment, Ouémé river, for the time period 1961 - 2010.
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Figure 6.15: Approximate distribution P(u,t) based on orthogonal polynomials associated
with Student’ t distribution up to order k = 4 of the standardized daily discharge u for the
Bonou catchment, Ouémé river, for the time period 1961 - 2010.
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6.8

Comparison

between

the

derived

time

-

dependent probability distributions and the
empirical

probability

distribution

of

the

discharge
This study employed a quantile - quantile (Q - Q) plot to assess the validity of the
assumption that the daily river discharge follows the derived theoretical distributions
(fundamental and approximate solutions of the FPE). Indeed, a Q - Q plot is a simple
and quite general way to check whether a batch of data conforms, approximately to a
particular probability model. This is the reason why the Q - Q plot approach is used to
make a comparison between the derived time - dependent probability distributions and
the empirical probability distribution of the standardized daily discharge.
First, the standardized daily discharge u is arranged in descending order and a rank is
assigned. Then, the estimated cumulative probabilities can be computed using equation
(6.62) (Soro, 2011)
p(u ≥ ui ) =

i−e
N − 2e + 1

(6.62)

where i and N stand respectively for the rank of a value and the total number of values
to be plotted; e varies from 0 to 0.5. Five of the most commonly used values for e are:
• e = 0.0 for Weibull’s formula;
• e = 0.30 for Chegodayev’s formula;
• e = 0.40 for Cunnane’s formula;
• e = 0.44 for Gringorten’s formula;
• e = 0.50 for Hazen’s formula.
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In the present work, the estimated cumulative probabilities are calculated using the
Hazen’s formula, common in hydrology. The empirical quantiles are plotted on the y-axis
and the corresponding quantiles from the theoretical derived probability distributions
(fundamental and approximate solutions of the FPE) are plotted on the x-axis. The
quantiles of the derived probability distributions are computed based on the estimated
cumulative probabilities associated. Figures 6.16, 6.17, 6.18, 6.19, 6.20, 6.21 and 6.22
show the Q - Q plot for the standardized daily discharge over the investigated sub
- catchments. From these figures, it can be seen that the data points, in the case of
the fundamental distribution, the first two orders of Hermite polynomial expansion and
the first three orders of orthogonal polynomials associated with Student’ t distribution
(k = 0, k = 1 and k = 2), lie quite close to the line for all investigated sub - catchments;
close to say that these data come from the same distribution.
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(a) Ouémé at Beterou

(b) Ouémé at Savè

(c) Ouémé at Bonou
Figure 6.16: Q - Q plot for standardized daily discharge for the time period 1961 - 2010.
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Figure 6.17: Q - Q plot for standardized daily discharge for the time period 1961 - 2010 using
Hermite polynomial approximation over Ouémé at Beterou catchment.
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Figure 6.18: Q - Q plot for standardized daily discharge for the time period 1961 - 2010 using
Hermite polynomial approximation over Ouémé at Savè catchment.
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Figure 6.19: Q - Q plot for standardized daily discharge for the time period 1961 - 2010 using
Hermite polynomial approximation over Ouémé at Bonou catchment.
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Figure 6.20: Q - Q plot for standardized daily discharge for the time period 1961 - 2010
using orthogonal polynomial associated with Student’ t distribution over Ouémé at Beterou
catchment.

Comparison between the derived time - dependent probability distributions and the
empirical probability distribution of the discharge
124

Figure 6.21: Q - Q plot for standardized daily discharge for the time period 1961 - 2010 using
orthogonal polynomial associated with Student’ t distribution over Ouémé at Savè catchment.
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Figure 6.22: Q - Q plot for standardized daily discharge for the time period 1961 - 2010
using orthogonal polynomial associated with Student’ t distribution over Ouémé at Bonou
catchment.

Chapter 7

Impact of different types of noises
on the dynamics of river discharge

This chapter introduces the generalization of the triple relationship between the
driving process, the corresponding SDE and the associated FPE to successfully manage
uncertainty in rainfall - runoff process. The random component of rainfall is viewed as
a white noise process defined by the formal derivative of a Lévy process. We call the
Lévy process, whose derivative produces a given noise, the noise generating process. This
chapter derives the generalized FPE associated with the Langevin equation in terms of
the transition probability distribution and characteristic function of the noise generating
process. Since the form and coefficients of this equation depend fundamentally on the
distribution of the increments of the noise generating process, it provides a useful tool for
studying the effects of different type of uncertainties related to the random component
of rainfall on the dynamics of river discharge.

7.1

The driving Lévy process

We consider here a more general Brownian motion as a driving process. The
Brownian motion belongs to a broad class of driving process, namely Lévy processes
for which stochastic differential equations are well defined. Lévy processes are a class of
stochastic processes which enjoy a rich mathematical structure.
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Definition 8. (Lévy process)
A process X = (Xt , t ∈ T ) defined on a probability space (Ω, B, P ) is said to be a Lévy
process if it possesses the following properties:
(i) The paths of X are P - almost surely right continuous with left limits.
(ii) P (X0 = 0) = 1.
(iii) For 0 ≤ s ≤ t, Xt − Xs is equal in distribution to Xt−s .
(iv) For 0 ≤ s ≤ t, Xt − Xs is independent of {Xu : u ≤ s}.
Historically they have always played a central role in the study of stochastic
processes with some of the earliest work dating back to the early 1900s. The reason
for this is that, mathematically speaking, they represent an extremely robust class of
processes which exhibit many of the interesting phenomena that appear in, for example,
the theories of stochastic and potential analysis. Moreover, this in turn, together with
their elementary definition, has made Lévy processes an extremely attractive class of
processes with which to model in a wide variety of physical phenomena.
The term “Lévy process” honours the work of the French mathematician Paul
Lévy who, although not alone in his contribution, played an instrumental role in
bringing together an understanding and characterization of processes with stationary
independent increments. In earlier literature, Lévy processes can be found under a
number of different names. In the 1940s, Lévy himself referred to them as a sub - class
of additive processes, that is processes with independent increments. For the most
part however, research literature through the 1960s and 1970s refers to Lévy processes
simply as processes with stationary independent increments.
In the framework of the generalized theory of random processes, a white noise process
is defined as the formal derivative of the Lévy process. In this line, let the random
component of rainfall, ε(t), be a white noise process defined by the formal derivative
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of Lévy process {X(t), t ∈ T }. This white noise has several nontrivial components: the
Gaussian, the Poisson and the α - stable white noise. These noises will be of use later
to assess their respective effects on the dynamics of the system.

7.2

Stochastic differential equation describing the
river basin

Let us consider the SDE (6.12) in the form of the Langevin equation (7.1)
dQ
= f (Q(t), t) + G(Q(t), t)ε(t).
dt

(7.1)

The Langevin approach, i.e., incorporation of the noise terms into the equation
describing the deterministic dynamics of the system, is one of the most effective tools
for studying the effects induced by fluctuating environment. Because of the singular
character of the noise, ε(t), equation (7.1) has to be interpreted with care.
The starting point relies on the fact that this noise is the time derivative, in the sense
of generalized functions, of the noise generating process η(t) (Gikhman and Skorokhod,
2004). According to this, the increment δη(t) = η(t + τ ) − η(t) of η(t) is defined as the
time integral, δη(t) =

R t+τ
t

dt0 ε(t0 ), in the sense of convergence in distribution. Therefore,

the increment δQ(t) = Q(t + τ ) − Q(t) of the discharge during a time interval τ (τ → 0)
can be written in the form
δQ(t) = f (Q(t), t)τ + G(Q(t), t)δη(t),

(7.2)

which defines the meaning of equation (7.1) in the Ito interpretation (Risken, 1989).
For a fixed τ , the distribution of the increments δη(jτ )(j = 0, 1, 2, . . .) is completely
described by the transition probability distribution p(ηj+1 , τ |ηj ), where ηj+1 and ηj
denote the possible values of η(jτ + τ ) and η(jτ ), respectively. Thus, the statistical
properties of solutions of equation (7.1) can be characterized by p(ηj+1 , τ |ηj ) as well.
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Next, for simplicity, we additionally assume that p(ηj+1 , τ |ηj ) = p(∆η, τ ). If, for example,
the transition probability distribution is Gaussian, i.e.,
2

e−∆η /(4Dτ )
p(∆η, τ ) = √
(7.3)
4πDτ
Pn−1
then, η(nτ ) =
j=0 δη(jτ ) is a discrete - time Wiener process, which is fully
characterized by two parameters,
hδη(jτ )i = 0,

hδη(jτ )δη(lτ )i = 2Dδjl τ.

(7.4)

The angular brackets denote averaging over the increments δη(jτ ), and δnm is the
kronecker symbol. These formulas are the discrete - time versions of the mean
hε(t)i = 0
and the correlation function
hε(t)ε(t0 )i = 2Dδ(t − t0 )
of a Gaussian white noise ε(t) of intensity D. Thus equations (7.2) and (7.4) completely
specify the Langevin equation (7.1) driven by multiplicative Gaussian white noise
(Horsthemke and Lefever, 1984).
To derive the Fokker - Planck equation, it is typically assumed that the first two
moments of δη(jτ ) exist (Van Kampen, 1992; Risken, 1989). However, if p(∆η, τ ) is
a heavy - tailed function of ∆η, then the second moment does not exist. In this
case, the derivation of the Fokker - Planck that corresponds to the Langevin equation
(7.1) must be based solely on equation (7.2). According to Denisov et al., (2009), the
noises characterized by heavy - tailed transition probability distributions p(∆η, τ ) differ
qualitatively from those characterized by p(∆η, τ ) with finite variances. Specifically, the
latter have a frequency independent power spectral density
Z ∞
−∞

dte−iwt hε(0)ε(t)i
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where w is the frequency and consequently these noises are called white noises. In
contrast, the power spectrum of the former does not exist. Nevertheless, they are a
very useful tool for studying an important class of random processes that exhibit rare
but large jumps. In this vein, let us derive the generalized Fokker - Planck equation that
corresponds to the Langevin equation (7.1).

7.3

Generalized Fokker - Planck equation

The probability distribution of the discharge can be defined in the usual way:
P (Q, t) = hδ(Q − Q(t))i .

(7.5)

To derive the time evolution for this probability distribution, we need to be able
to express the average values of F (Q(t)) and F (Q(t), δη(t)) in terms of P (Q, t); the
functions F (Q) and F (Q, Q0 ) are assumed to be deterministic. Keeping in mind the
above definition of averaging, hF (Q(t))i means averaging F (Q(t)) over all increments
δη(jτ ) with j = 0, 1, . . . , [t/τ ] − 1 and τ → 0. It is obvious from equations (7.2) and
(7.5) that the result can be represented as an average with respect to the distribution
of Q(t), i.e.,
hF (Q(t))i =

Z ∞
−∞

dQF (Q)P (Q, t).

(7.6)

In order to express hF (Q(t), δη(t))i in terms of P (Q, t), a two - stage averaging procedure
is used (Denisov et al., 2003). Since the variables Q(t) and δη(t) are statistically
independent and distributed according to the probability distribution P (Q, t) and
p(∆η, τ ), respectively, one can readily obtain
hF (Q(t), δη(t))i =

Z ∞
−∞

dQP (Q, t)

Z ∞
−∞

dQ0 F (Q, Q0 )p(Q0 , τ ).

(7.7)

To proceed, the Fourier transform, Pk (t), of P (Q, t) is introduced according to the
formula
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F{x(Q)} ≡ xk =

Z ∞

(7.8)

dQe−ikQ x(Q),

−∞

D

E

and it can be found, using definition (7.5), that Pk (t) = e−ikQ(t) .
Equation (7.2) implies that for τ → 0 the increment of Pk (t), i.e., δPk = Pk (t+τ )−Pk (t),
can be written in the form
D

E

D



E

δPk = −ikτ e−ikQ(t) f (Q(t), t) + e−ikQ(t) e−ikG(Q(t),t)δη(t) − 1

.

(7.9)

In accordance with equations (7.6) and (7.8), the first term on the right - hand side of
equation (7.9) reduces to
D

ik e

−ikQ(t)

(

E

f (Q(t), t) = F

)

∂
f (Q, t)P (Q, t) ,
∂Q

(7.10)

and equation (7.7) for the second term gives

D

−ikQ(t)

e



e

−ikG(Q(t),t)δη(t)

E

−1
D

=

Z ∞
−∞

0

h

i

dQ0 e−ikQ pkG(Q0 ,t) (τ ) − 1 P (Q0 , t),

(7.11)

E

where pk (τ ) = F{p(Q, τ )} = e−ikδη(t) is the characteristic function of δη(t).
Substituting equations (7.10) and (7.11) into equation (7.9), dividing it by τ and taking
the limit τ → 0, one obtains the following equation:

∂
Pk (t) = −F
∂t
with

(

)

Z ∞
∂
0
f (Q, t)P (Q, t) +
dQ0 e−ikQ ΦkG(Q0 ,t) P (Q0 , t)
∂Q
−∞

1
[pk (τ ) − 1] .
τ →0 τ

Φk = lim

(7.12)

(7.13)

Since the transition probability distribution p(∆η, τ ) is normalized i.e, p0 (τ ) = 1, the
limit (7.13) must satisfy the condition Φ0 = 0. If k 6= 0, then there exist three different
cases, depending on how quickly pk (τ ) − 1 tends to zero as τ → 0.
• First, if pk (τ ) − 1 = o(τ ), then Φk = 0 and the noise has no effect on the system.
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• Second, if pk (τ ) − 1 tends to zero slower than τ , then |Φk | = ∞, i.e., the influence
of the noise is so strong that the system relaxes instantaneously to the final state.
• Finally, the case we are interested in corresponds to pk (τ ) − 1 = O(τ ), i.e.,
0 < |Φk | < ∞ and the noise acts on the system in a non - trivial way.
Let us apply the inverse Fourier transform, defined as

F

−1

1 Z∞
{xk } ≡ x(Q) =
dkeikQ xk ,
2π −∞

(7.14)

to equation (7.12). Using the definition (7.13), one obtains

F

−1

n

−ikQ0

e

ΦkG(Q0 ,t)

o

where the function
Φ(Q) = lim

τ →0

1
Q − Q0
=
,
Φ
|G(Q0 , t)|
G(Q0 , t)

(7.15)

1
[p(Q, τ ) − δ(Q)]
τ

(7.16)

!

is a special characteristic of p(∆η, τ ), for τ → 0 that describes the influence of noise on
the system. Therefore the desired generalized Fokker - Planck equation that corresponds
to the Langevin equation (7.1) driven by multiplicative noise, which results from an
arbitrary noise generating process, takes the form

Z ∞
P (Q0 , t)
∂
∂
Q − Q0
dQ0
P (Q, t) = −
f (Q, t)P (Q, t) +
Φ
∂t
∂Q
|G(Q0 , t)|
G(Q0 , t)
−∞

!

(7.17)

In accordance with the definition (7.5), the solution of this equation must be normalized
and satisfy the initial condition P (Q, 0) = δ(Q).
To gain more insight into the connection between the generalized Fokker - Planck
equation and the properties of the noise, Denisov et al., (2009) introduced the
D

E

characteristic function Sk = e−ikη(1) of the noise generating process η(t) at t = 1.
With the formula

[1/τ ]−1

η(1) = lim

τ →0

X
j=0

δη(jτ ),
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it can be rewritten as
Sk = lim (pk (τ ))[1/τ ] .
τ →0

Then, replacing pk (τ ) by 1 + τ Φk and taking into account that
lim(1 + )1/ = e,
→0

one finds Sk = eΦk , i.e, Φk = ln Sk .
Thus, from equation (7.12) an alternative representation of the generalized Fokker Planck equation is obtained:

∂
∂
P (Q, t) = −
f (Q, t)P (Q, t) + F −1
∂t
∂Q

Z ∞

0 −ikQ0

dQ e
−∞



P (Q , t) ln SkG(Q0 ,t) .
0

(7.18)

In the particular case of additive noise, where G(Q, t) = 1, equation (7.12) becomes
∂
Pk (t) = −F
∂t

(

)

∂
f (Q, t)P (Q, t) + Pk (t)Φk ,
∂Q

(7.19)

and the generalized Fokker - Planck equation simplifies to the equation
∂
∂
P (Q, t) = −
f (Q, t)P (Q, t) + F −1 {Pk (t) ln Sk }
∂t
∂Q

(7.20)

which was derived by Denisov et al., (2008).
It can be noticed that the problem of deriving the generalized Fokker - Planck
equation that corresponds to the Langevin equation (7.1) has been considered earlier
in terms of the Lévy measure of the noise generating process (Dubkov et al., 2008). In
contrast, the generalized Fokker - Planck equations (7.18) and (7.20) are derived here
in terms of the characteristic function Sk of this process at t = 1. It seems that the
above approach which deals with the transition probability distribution of the noise
generating process is more convenient for application. Indeed, the transition probability
distribution completely describes the noise generating process and, in accordance with
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equation (7.13) and Sk = eΦk , explicitly represents the characteristic function Sk .
The main advantage of this generalized Fokker - Planck equation is that it accounts
for the noise action in a unified way, namely through the characteristic function of the
noise generating process at dimensionless time t = 1. This provides an opportunity to
study the effect of different noises on the same system.

7.4

Studying the effects of different types of noises
on the dynamics of the system

To examine the effects of different noises on the rainfall - runoff process, we explicitly
consider this generalized Fokker - Planck equation for various specific types of noises,
including Gaussian white noise, Poisson white noise and Lévy stable noise.

7.4.1

Gaussian white noise

The transition probability distribution p(∆η, τ ) for Gaussian white noise is given by
formula (7.3). Accordingly, pk (τ ) = e−Dτ k , Φk = −Dk 2 , and Sk = e−Dk . Then taking
2

into account that
n

o

F −1 Pk (t)k 2 = −

2

∂ 2 P (Q, t)
,
∂Q2

it can be found that in the case of additive Gaussian white noise, equation (7.20) reduces
indeed to the ordinary Fokker - Planck equation (Horsthemke and Lefever, 1984; Risken,
1989)
∂
∂2
∂
P (Q, t) = −
f (Q, t)P (Q, t) + D 2 P (Q, t)
∂t
∂Q
∂Q
If the Gaussian white noise is multiplicative, then ΦkG(Q0 ,t) = −Dk 2 G2 (Q0 , t) and

(7.21)
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−1

Z ∞

0 −ikQ0

dQ e
−∞

Φ

kG(Q0 ,t)



n

P (Q , t)
0
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o

= −DF −1 k 2 F{G2 (Q, t)P (Q, t)} (7.22)
= D

∂2 2
G (Q, t)P (Q, t).
∂Q2

(7.23)

Applying the inverse Fourier transform to equation (7.12) and using the above result,
we again obtain the ordinary Fokker - Planck equation (Horsthemke and Lefever, 1984;
Risken, 1989)
∂
∂
∂2
P (Q, t) = −
f (Q, t)P (Q, t) + D 2 G2 (Q, t)P (Q, t),
∂t
∂Q
∂Q

(7.24)

which corresponds to the Ito interpretation of the Langevin equation (7.1) driven by
multiplicative Gaussian white noise. Equation (7.24) is the same as equation (6.15)
introduced in the previous chapter.

7.4.2

Poisson white noise

We now consider the case in which the system is driven by Poisson white noise, i.e.,
a random sequence of δ - pulses, defined as (Hanggi, 1978)
n(t)

ε(t) =

X

zi δ(t − ti ).

(7.25)

i=1

Here n(t) is a Poisson counting process with the probability
P (n(t) = n) = (λt)n e−λt /n!

(7.26)

of n ≥ 0 arrivals in the interval (0, t], λ is the rate of the process, ti are the (random)
arrival times of this process, and zi are independent random variables of zero mean
distributed with the same probability qr (z). It is assumed also that
ε(t) = 0 if n(t) = 0.
The noise generating process η(t) is a step - wise constant Markov process whose
increments δη(t) =

R t+τ
t

dt0 ε(t0 ) are given by
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0,

if n(τ ) = 0



Pn(τ ) z
i=1

i,
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(7.27)

if n(τ ) ≥ 1.

In order to find the transition probability distribution p(∆η, τ ), one can use the definition
p(∆η, τ ) = hδ(∆η − δη(t))i which, together with equation (7.27), yields
p(∆η, τ ) = P0 (τ )δ(∆η) + W (∆η, τ ).

(7.28)

The first term on the right - hand side of this formula is the probability distribution of
δη under the condition that none of the δ - pulses occurred during the time arrival τ .
The second term,
W (∆η, τ ) =

∞
X

Pn (τ )

n=1

Z ∞
−∞

...

Z ∞
−∞

δ ∆η −

n
X

!

zi ×

i=1

n
Y

qr (zj )dzj ,

(7.29)

j=1

represents the probability distribution of δη(t) under the condition that at least one
pulse occurs during this time interval (Denisov et al., 2009).
Taking the probabilities
Pn (τ ) = P (n(τ ) = n)
with linear accuracy in τ , i.e.,
P0 (τ ) = 1 − λτ,

P1 (τ ) = λτ,

and

Pn≥2 (τ ) = 0,

we obtain from formulas (7.28) and (7.29)
p(∆η, τ ) = (1 − λτ )δ(∆η) + λτ qr (∆η).

(7.30)

In accordance with the definition (7.16), for this probability distribution
Φ(Q) = λ [qr (Q) − δ(Q)] ,
and the generalized Fokker - Planck equation (7.17) reads

(7.31)
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Z ∞
0
∂
∂
Q − Q0
0 P (Q , t)
P (Q, t) = −
f (Q, t)P (Q, t)−λP (Q, t)+λ
dQ
qr
. (7.32)
∂t
∂Q
|G(Q0 , t)|
G(Q0 , t)
−∞
!

For G(Q, t) = 1, i.e., in the case of additive Poisson white noise, this equation is
consistent with those reported previously (Hanggi, 1978). Of course, since
Sk = e−λ(1−qrk ) ,

qr (Q) = F −1 {qrk }

and

δ(Q) = F −1 (1),

the same form of the equation (7.32) (with G(Q, t) = 1) follows from equation (7.20) as
well.

7.4.3

Compound noise

Next, we consider the noise ε(t) =

m=1 εm (t)

PM

composed of a set of independent

noises εm (t). In this case, the noise generating process can be written in the following
form
η(t) = lim

τ →0

]−1
M [1/τ
X
X
m=1

δηm (jτ ).

(7.33)

j=0

Because of the statistical independence of the increments δηm (jτ ) of the partial
D

E

generating processes ηm (t), the characteristic function Sk = e−ikη(1) of η(1) is expressed
D

E

through the characteristic functions Smk = e−ikεm (1) of ηm (1) as follows:
Sk =

M
Y

Smk .

m=1

Therefore, in the case of additive compound noise the generalized FPE (7.20) becomes
M
X
∂
∂
P (Q, t) = −
f (Q, t)P (Q, t) +
F −1 {Pk (t) ln Smk } .
∂t
∂Q
m=1

(7.34)

In particular, if M = 2 and ε1 (t) and ε2 (t) are Gaussian and Poisson white noises,
respectively, equation (7.34) is then reduced to (Gardiner, 1990)
Z ∞
∂
∂2
∂
P (Q, t) = −
f (Q, t)P (Q, t)+D 2 P (Q, t)−λP (Q, t)+λ
dQ0 P (Q0 , t)qr (Q−Q0 ).
∂t
∂Q
∂Q
−∞
(7.35)
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Lévy stable noise

The generalized central limit theorem implies that for a wide class of properly
scaled transition probability distribution p(∆η, τ ), the characteristic function of the
noise generating process Sk corresponds to Lévy stable distributions, Sk = Sk (α, β, γ, ρ)
(Gnedenko and Kolmogorov, 1954). It is well known that Sk (α, β, γ, ρ) depends on four
parameters (Zolotarev, 1986):
• an index of stability α ∈ (0, 2],
• a skewness parameter β ∈ [−1, 1],
• a scale parameter γ ∈ (0, ∞),
• a location parameter ρ ∈ (−∞, ∞).
Assuming, in accordance with the initial condition P (Q, 0) = δ(Q), that ρ = 0 and
excluding from consideration the singular case when α = 1 and β 6= 0 simultaneously
(in this case |Φk | = ∞), one obtains Sk = Sk (α, β, γ) (Zolotarev, 1986), where


Sk (α, β, γ) = exp −γ|k|

α



πα
1 + iβsgn(k) tan
2



.

(7.36)

In the following, one assumes for simplicity that the condition G(Q0 , t) > 0 holds for all
Q0 and t. In this case,
ln SkG(Q0 ,t) = Gα (Q0 , t) ln Sk (α, β, γ),
and the generalized Fokker - Planck equation (7.18) becomes
∂
∂
P (Q, t) = −
f (Q, t)P (Q, t) + F −1 {Gk (t) ln Sk (α, β, γ)} ,
∂t
∂Q

(7.37)

where Gk (t) = F {Gα (Q, t)P (Q, t)}.
Equation (7.37) can be rewritten in a form containing the Riemann - Liouville derivatives
defined as (Samko et al., 1993)
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s D± h(x) =

(±1)n dn Z s±x
dyh(x ± y)y n−σ−1 ,
Γ(n − σ) dxn 0
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(7.38)

σ
σ
denote the operators of the left - and right - hand side derivatives
and s D−
where s D+

of the order σ (0 < σ < ∞), respectively. The function h(x) is defined on the interval
[−s, s], n = 1 + |σ|, and Γ(z) is the Gamma function.
Using the characteristic function (7.36), one can first represent its natural logarithm
as follows:
ln Sk (α, β, γ) = −γ

(1 + β)(ik)α + (1 − β)(−ik)α
.
2 cos(πα/2)

(7.39)

Taking the Fourier transform of equation (7.38) with h(Q) = Gα (Q, t)P (Q, t), one gets
(±ik)α Gk (t) = F

n

o

α α
∞ D± G (Q, t)P (Q, t)

,

(7.40)

and combining this result with equation (7.39), one obtains the fractional Fokker - Planck
equation

h
i
∂
∂
γ
α
α
P (Q, t) = −
f (Q, t)P (Q, t)−
(1 + β)∞ D+
+ (1 − β)∞ D−
Gα (Q, t)P (Q, t).
∂t
∂Q
2 cos(πα/2)
(7.41)

Equation (7.41) reproduces all known forms of the fractional Fokker - Planck equation
that corresponds to the Langevin equation (7.1) driven by Lévy stable noise.
It can be easily rewritten in a form containing the Riesz derivative defined as (Samko
et al., 1993)
∂α
h(Q) = −F −1 {|k|α hk } .
∂|Q|α

(7.42)

With the help of this definition and the relations
α
(∞ D+
+∞ D− )h(Q) = 2 cos

πα −1
F {|k|α hk }
2

(7.43)
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and
α
−∞ D− )h(Q) = 2 sin
(∞ D+

πα ∂ −1 n α−1 o
F
|k| hk ,
2 ∂Q

(7.44)

α
which follows directly from the Fourier representation ∞ D±
h(Q) = F −1 {(ik)α hk } of the

Riemann - Liouville derivatives, equation (7.41) reduces to

∂
∂
∂α
P (Q, t) = −
f (Q, t)P (Q, t) + γ
Gα (Q, t)P (Q, t)
∂t
∂Q
∂|Q|α
πα ∂ ∂ α−1
+γβ tan
Gα (Q, t)P (Q, t).
2 ∂Q ∂|Q|α−1

(7.45)

It is obvious that for α = 2 this equation takes the form of the ordinary FPE (7.24)
with D = γ. For α < 2, various special cases of equation (7.45) have been given by
Chechkin et al., (2006).
These results led to the conclusion that each specific type of noises modifies the form
of the FPE. Therefore, each specific type of noises has different impact on the dynamics
of river discharge.

Chapter 8

General Discussion and Conclusions

In this chapter, the main findings with regard to the research questions are discussed
and conclusions based on the findings of the studies presented in this thesis are described.
Furthermore, suggestions for further research are presented.

8.1

General Discussion

The degree of agreement between simulated and measured discharge that is observed
over the investigated sub - catchments are similar to those obtained by Afouda and
Alamou (2010). The recession and low flow periods are well reproduced by HyMoLAP
compared to the peaks. This is not the case for the simulation results of Götzinger
(2007) for the Ouémé at Bonou catchment. In his simulation, the recession does not
match the observed data. The observed difference in the simulation of the recession
period can be explained by the procedure used for the calculation of the parameters µ
and λ of HyMoLAP, which considers a long period of drainage without rainfall input.
In fact, the parameter λ is a recession coefficient. The deterministic modelling of the
system dynamics by HyMoLAP reveals that the uncertainties associated with the peaks
are greater than those associated with low flow. These high uncertainties associated with
the peaks were also reported by Götzinger (2007), who carried out a simulation with the
HBV model for Ouémé at Beterou catchment within the framework of the Rivertwin
project. In addition, the performance of HyMoLAP has been already compared with
the GR4J model in the Ouémé at Bétérou catchment by Alamou (2011). This author
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found that HyMoLAP performs better than GR4J. However, the fact that the discharge
peaks are not well simulated can be attributed to data errors (Andréassian et al.,
2010, Kuczera et al., 2010). In fact, the improper representation of uncertainty is an
intrinsic drawback of the deterministic hydrological models, since these do not include
components that enable the preservation of the associated statistical characteristics
of the observed data. Thus, using an appropriate random component of the inflowing
rainfall can tackle the problem. As indicated in Efstratiadis et al., (2014), the non linearity of the resulting model induced by the deterministic model allows for a more
faithful representation of the catchment behaviour and provide a better basis to exploit
the available information, while the stochastic output is an advantage over the single
output of deterministic approach. This view is confirmed by the result given in equation
(5.15).
Due to the fact that deterministic hydrological models received a stochastic
information as input, the stochastic formulation of HyMoLAP in terms of SDE was
derived. Such equation helped to make use of the large body of Ito stochastic differential
equation theory and the associated Fokker - Planck equation theory, now available for
time varying probability distribution derivation and uncertainty analysis. The Ito SDE
allowed one to derive the spread of the river discharge around the mean. The derived
equations (5.12) and (5.15) are designed to warn planners and decision - makers that
under climate change the mean and the variance are no longer constant parameters.
As revealed by equation (5.15), the total variance associated with the evolution of the
spread shows three terms:
bQ
b 2µ ], describes the proper variance of the evolution
2µ−1 − Q
\
• The first term, − 2µ
[Q
λ

of the discharge in the model output. This first term takes into account the model
parameters and therefore quantifies both the uncertainties linked to the model
structure and those linked to the model parameters.
d −Q
b quantifies uncertainties that are often not cited in
b ψ],
• The second term, 2[Qψ
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hydrological literature but appear explicitly. These uncertainties are linked to the
correlation between input ψ and output Q of the model.
b 2 , quantifies the uncertainties linked to the random
• Finally the third term, M (t)G

component of rainfall.
The result (5.15) explicitly shows the contribution of the input, model parameters and
structure uncertainties in the output discharge. These results confirm those found by
Alamou (2011), which considered both the linear and the non - linear cases of the
stochastic formulation of HyMoLAP to derive an expression of the form (5.15).
Under changing climate condition, the river basin is a time varying catchment and
this is one of the reasons to understand the triple relationship between the input,
the SDE that describes the river basin and the output. While the SDE describes
the temporal evolution of the system itself as a diffusion process, the FPE describes
the temporal evolution of the PDF in a system under uncertainty. And at present,
water resources planners in river basins are facing increased uncertainty in evaluating
hydrological conditions of the basins under climate change. The derived probability
distributions of the model output show how the probability distribution changes over
time and show more detail than do time series. SDE can be solved using different
techniques, for example the Ito calculus, the Stratonovich integral, or the Fokker Planck equation (Gardiner, 2004). Since the first two methods are analytical solutions,
it is only possible to solve problems of a limited difficulty with them. Indeed, according
to Dominguez and Rivera (2010), an analytical solution to the non - stationary FPE
needs strong restrictions on the types of drift and diffusion coefficients, which makes
it not as convenient as the numerical or approximate solutions. For this reason, the
time dependent probability distribution of the resulting discharge is derived in the
form of fundamental and approximate solutions of the FPE. In fact, the probability
distribution of the solution is one of the most important statistical characteristics of
random differential equations. It may happen that the probability distribution of the
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discharge tends to a limiting stationary probability distribution as time goes to infinity.
As a result, the shape of the probability distribution of the daily river discharge does
not change any more with time. This means that, in the steady state, the climate does
not affect the probability distribution of the discharge. The drift and diffusion terms
f (Q, t) and G(Q, t) in equation (6.16) control the movements of the PDF. In general
terms, the drift term describes the overall dynamics of the process that can be used as
an approximation of the behavior observed in nature. The diffusion term describes the
fluctuation around this approximation in an attempt to more precisely represent the
naturally present deviations in the physical process.
A comparison of the approximate solutions of the FPE revealed that the distribution
of the standardized daily discharge with the first-order Hermite polynomials and the
first three orders of orthogonal polynomials associated with Student’t distribution are
close to the shape of Gaussian distribution. A possible explanation is that the Student’
t distribution moves closer to the standard normal at higher degrees of freedom. This
shows the Gaussian character of the variable under study. However, for the other
different approximation orders of the solutions of the FPE, the values of the expansion
coefficients are more significant and act on the corresponding shape of the solution
of the FPE. The fact that the points in the Q - Q plot for the standardized daily
discharge tend to fall on the line, in the cases of fundamental distribution, the first
two orders Hermite polynomial expansion (n = 1 and n = 2) and the first three orders
of orthogonal polynomials associated with Student’ t distribution (k = 0, k = 1 and
k = 2), indicates that these time - dependent probability distributions are good models
for the discharge data. Indeed, these time - dependent probability distributions fit
better the empirical data and can therefore be applied to predict the distribution of
discharge, at each time, in ungauged basins.
By looking at the expression of the derived probability current given by equation
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(6.18), it can be seen that it is the sum of the convection current and the diffusion
current. This means that the evolution of the solution of the FPE is described by
the hydrodynamic image of a continuous flow in discharge space. In a steady state,
the convection current is exactly balanced by the diffusion current at each point.
Furthermore, the modifications brought by the convection term to the derived PDF
of the standardized daily discharge, P (u, t), are contained in the successive terms
of Hermite polynomials and orthogonal polynomials associated with a Student’ t
distribution. This convection term progressively changes the shape of the probability
distribution of the standardized daily discharge, P (u, t).
A remarkable feature of the derived FPE (7.24), (7.32), (7.35) and (7.45) is that they
give an opportunity to examine the effects of different noises on the same system. Indeed,
if one looks at these Fokker - Planck equations, it can be observed that the first terms
on the right hand side are similar, whereas the remaining terms on this right hand side
are different. In fact, it is these remaining terms which describe the effect of different
specific noises on the dynamics of the system. As a consequence, the dynamics of the
river discharge for each specific type of noise could not be the same. The above results
clearly show how each specific type of noise can drastically modify the dynamics of the
deterministic dynamical system. This means that inaccurate choice of noise models for
dynamical equations will lead to poor decisions about the state estimates. Therefore,
understanding the properties of the random component of rainfall inflow is crucial for
the solution of several regional environmental problems of IWRM at regional scales,
with implication for agriculture, climate change and natural hazards such as floods and
droughts.

8.2

Conclusions and Perspectives

The main contribution of this research was to develop a rainfall - runoff modelling
approach that aims to capture the multiple sources and types of uncertainty in a
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single framework. The achievement of this analysis stemmed from the combination of
a two step modelling approach: a deterministic modelling of the system dynamics by a
hydrological model based on the least action principle (HyMoLAP) and the stochastic
formulation of HyMoLAP in terms of stochastic differential equation (SDE). HyMoLAP
is designed to minimize uncertainties related to hydraulic transformation process and
scaling law, and thus characterized by a limited number of parameters (µ, λ) capable of
physical interpretation, while its stochastic formulation helped to make use of the large
body of Ito stochastic differential equation theory and the associated Fokker - Planck
equation theory, now available for time varying probability distribution derivation and
uncertainty analysis.
The simulation of river discharge with HyMoLAP, in the investigated sub catchments, revealed that the model is suitable to simulate the daily dynamics of
the river discharge though it is characterized by two parameters. Furthermore, to
determine the model parameter for which it is important to have more accurate values,
a sensitivity analysis is carried out. The results of this sensitivity analysis show that the
model parameter µ is the parameter for which it is important to have more accurate
values for a best discharge prediction over the investigated sub - catchments. However,
due to the fact that many sources of uncertainties have not been taken into account by
HyMoLAP (for instance the uncertainties which are related to the inflow process), the
stochastic formulation of HyMoLAP is therefore derived.
The main assumption is that hydrological systems are non - linear dynamical
systems which can be described by SDE. The transformation of stochastic process
in HyMoLAP, using the Ito SDE theory, leads to the derivation of the evolution of
the mean and the evolution of the variance of the river discharge. These expressions
can be useful in the process of decision making for planning purposes. The stochastic
formulation of HyMoLAP in terms of SDE allowed us to better take into account the
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dynamics of the process and to explicitly show the proportion of the total variance of
the discharge that is attributable to each source of uncertainties in the rainfall - runoff
modelling. Indeed, the total variance is shown to have three components and a detailed
interpretation of each component leads to the conclusion that not only the choice of the
model for the dynamical structure of the river basin is important, but also investigation
of the stochastic properties of the random component of the input rainfall must be
carefully carried out.
Then, the inflow process representing all irregular variations of hydrometeorological
processes is considered as a sum of deterministic and random components which
embraces data uncertainties (e.g. measurement) and sample uncertainties (e.g. number
of data). The properties of the random component of the inflowing rainfall have been
investigated in order to have a more precise idea about the uncertainty associated to
the model. This research has showed that the white noise process and the associated
Brownian motion can be an acceptable approximation to the random component of
rainfall over the investigated sub - catchments. White noise is commonly used in
stochastic hydrology due to their simplicity and existing relationship to real processes.
This process, i.e. white noise, plays the role of the basic driving process for SDE which
describes the river basin. The main advantage of the SDE approach is that it provides
a physically transparent and mathematically tractable description of the stochastic
dynamics, indicating how uncertainty in input rainfall and environmental parameters
(potential evapotranspiration, temperature) affects the uncertainty in model output.
One of the most important advantages of the SDE is the associated Fokker - Planck
equation (FPE) which allows one to directly derive the time varying probabilities
associated with the outflow. In this vein, the time - dependent probability distributions
for the discharge are sought in the form of fundamental and approximate solutions of the
associate FPE since such equation does not have an explicit solution. It is well known
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that extreme phenomena are analysed using the Generalized Extreme Value (GEV)
distribution. This is the reason why, in this study, we sought for approximate solutions
that can be closed to the GEV law. The approximate solutions are derived using,
first, Hermite polynomials expansion which use the standard Gaussian distribution
as the base distribution function and second the orthogonal polynomials associated
with Student’ t distribution. The modifications brought by the convection term of
the probability current to the approximate solutions of the FPE are contained in the
successive terms of Hermite polynomials and orthogonal polynomials associated with
the Student’ t distribution. Thus, this convection term progressively changes the shape
of the probability distribution of the discharge. A comparison between the derived
time - dependent probability distributions (fundamental and approximate solutions of
the FPE) and the empirical probability distribution of the discharge revealed that the
fundamental distribution of the discharge, the first two orders of Hermite polynomial
expansion (n = 1, 2) and the first three orders of orthogonal polynomials associated with
Student’ t distribution (k = 0, 1, 2) fit better the empirical data. These distributions can
then be applied to predict the distribution of discharge , at each time, in ungauged basins.
To successfully manage uncertainty in rainfall - runoff process, this research also
derived the generalized FPE that corresponds to the Langevin equation driven by
multiplicative noise with an arbitrary distribution of the increments of the noise
generating process. The generalized FPE was derived in terms of the transition
probability distribution and characteristic function of the noise generating process.
Indeed, the form and coefficients of this equation depend fundamentally on the
distribution of the increments of the noise generating process and it provides a useful
tool for studying the impact of various specific types of noise. It is observed that the
first terms on the right hand side of the derived FPE are similar, whereas the remaining
terms on the right hand side are different. It is these remaining terms which describe
the effect of specific noises on the dynamics of the system.

General Discussion and Conclusions

149

Although the use of the SDE and the associated FPE as proposed in this research
can become more complex, the potential benefits in the areas of decision making, data
collection and valuation of information are of promising importance. This work is a
significant contribution for the development of IWRM in the context of climate change
and variability, since the findings are based on an extension of mathematical analysis of
hydrological system dynamics. Future works should focus on the fractional generalization
of the triple relationship between the driving process, the corresponding SDE and the
deterministic fractional order Fokker Planck type equation to derive the time - dependent
probability distributions of the river discharge. This fractional order Fokker - Planck
equation can be an essential tool for the study of the dynamics of various complex
processes arising in anomalous diffusion in hydrology. As well, a consideration of a more
general long - range dependent process (i.e. a process whose future state depends on
the whole of its past) will be an interesting and important question to be addressed in
future works, to better capture the behaviour of the hydrological data as realistically as
possible.
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